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1 Introduction

Lemma 1. For integers n > 1, [Q(3/2) : Q] = n.

Proof. The polynomial f(x) = 2™ — 2 is irreducible by Eisteinstein. Then [Q(%/2) : Q] = deg f = n. O
Lemma 2. For integers n > 1, the subfields of Q(3/2) are given by Q(+/2) for each d } n.

Proof. Let L = Q(%/2), let K be a field with Q € K C L, and let d = [K : Q]. Lemma 1 shows that
n =d[L : K]. Now note that Ny, (¥/2) is a product of [L : K| conjugates of ¥/2. In particular,
L:K
Nepe(V2) = i 2™ = b
for some integer k. However, Ny, x( V2)e KCLCRso V2= +Np/k( {/2) € K. Lemma 1 shows that
[K : Q] = [Q(¥/2) : Q). Then K = Q(V/2) Whered’n. O
Lemma 3. For integers n > 1, Q(¥/2) N Q(¢,) € Q(v?2).

Proof. Lemma 2 shows that Q(%/2) N Q({,) = Q(V/2) for some d | n. However, Gal(Q(¢,)/Q) is abelian

so Gal(Q(¢,)/Q(¥/2)) is a normal subgroup of Gal(Q(¢,)/Q). Then Q(+/2) is Galois over Q by the Galois
correspondence. As a consequence, d < 2. O

Lemma 4. If 2 € Q(¢,) then 8 | n.
Proof. If 2 € Q(¢,) then v2 € Q(¢s) NQ(¢n) = Q(Cuea(s,n)). However, v2 € Q(i) so ged(8,n) = 8. O
Lemma 5. For integers n > 1,

Q 8tn

Q(%)OQ(CH) = {Q(\/i) 8 | n’

n/2

Proof. 1f 8 | nthen 2 = /27" = g,’}/8+g;”/8 s0v2 € Q(¥/2)NQ(¢y). By Lemma 4, v/2 € Q(/2)NQ(¢,)

if and only if 8 | n. Then the result follows from Lemma 3. O

Theorem 1. For integers n > 1, if 8 n then Gal(Q(¥/2,¢,)/Q) is isomorphic to the holomorph of 7./nZ.
If 8 | n then Gal(Q(3/2,¢,)/Q) is isomorphic to an index 2 subgroup of the holomorph of Z/nZ.

Proof. First note that Q(%/2,¢,) is the splitting field of f(z) = 2™ — 2 over Q. By Lemmas 1 and 5,

e [0(2):Q (0G0 _ [ne(n)  8tn
V260 U= S nai,) @ {w(n)/Q 8|n’



Every element of Gal(Q(%/2,¢,)/Q) is given by /2 ~ (7 3/2 for some j € Z/nZ and (, + C¥ for some
k € (Z/nZ)*. In particular, Gal(Q(%/2,¢,)/Q) is isomorphic to a subgroup of

{(4,k): j €Z/nZ, k € (Z/nZ)*}

with multiplication given by
(1, k1) - (G2, ko) = (kaj1 + j2, k1kz).

If 8 | n then the relation C/inﬂ = (3/8 + an/s forces 7 = 0 (mod 2) if and only if &k = £1 (mod 8).
Comparing cardinalities shows that

" ~ {(J,k): j €Z/nZ, k€ (Z/nZ)*} 84n
Gal(Q(V2,6.)/Q) = {{(j, k): j € Z/nZ, k € (Z/nZ)*, j =0 (mod 2) <= k==+1 (mod 8)} 8|n
where the group {(j,k): j € Z/nZ, k € (Z/nZ)*} is isomorphic to the holomorph of Z/nZ. O



