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For a finite group G, consider the probability

g,h) € GxG:gh=hg}|
GI°

P - I

that two elements of G commute. For example, P(S3) = 3, P(Ds) = 3, P(A4) = %, and P(45) = 5.
Clearly, P(G) < 1 with equality if and only if G is abelian. When G is nonabelian, P(G) measures how far

G is from being abelian. The purpose of this note is to investigate the possible values of P(G).

1 The Center
For each g € G, we can form the centralizer subgroup
Ca(g) ={h € G:gh=hg}.
Summing over g € G gives the formula
PG) = 3 3 Calo)l. 1)
GI” st

For each g € G, either C:(g) = G or |Cg(g)| < % |G|. The set of g € G for which the first possibility holds
is called the center of G and is denoted by

Z(G)={9€G:Cq(g) =G} ={g € G:gh=hg for all h € G}.
Note that Z(G) is actually a normal subgroup of G. Splitting up the sum gives the estimate
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This gives the inequality
1 1
PG <1+ ———=— 2
%3 (1 ) ?
To obtain a lower bound for [G : Z(G)] for nonabelian G, we will use the fact that G/Z(G) cannot be cyclic.
Lemma 1. If G/Z(G) is cyclic then G is abelian.

Proof. Suppose that G/Z(G) is generated by the coset ¢Z(G), meaning that every element of G/Z(G) is of
the form ¢g*Z(G) for some k € Z. Then every element of G is of the form g¥z for some k € Z and z € Z(G).
However, any two elements of this form commute. This shows that G is abelian. O

When G is nonabelian, Lemma 1 shows that G/Z(G) is not cyclic. Then [G : Z(G)] > 4 so (2) gives

P(G)S;(Mri)::.

Retracing our steps shows that P(G) = 2 if and only if [G : Z(G)] =4 and |[Ca(g)| = 3 |G| for all g & Z(G).
However, the second condition is actually redundant. To see this, note that for each g ¢ Z(G) we have

Z(G) £ Calg) £ G.

In particular, if [G : Z(G)] = 4 then we must have [G : Cg(g)] = 2 for all g & Z(G). Thus, P(G) = 3 if and
only if [G : Z(G)] = 4. The same argument also proves the following generalization.

Theorem 2. Let G be a nonabelian finite group. If p is the smallest prime dividing |G| then

2 _
<p+p1

P(G) < pe

with equality if and only if |G : Z(GQ)] = p?.

2 The Derived Subgroup

In the previous section, we used Z(G) to estimate P(G). This strategy worked because Z(G) provides a
(rather crude) measure of how far G is from being abelian. In this section, we will instead use the derived
subgroup G’ to estimate P(G). This will enable us to get better estimates for P(G) because G’ provides a
more refined measure of how G is from being abelian. We first introduce the derived subgroup G’ of G.

Lemma 3. G' = <ghg_1h_1 tg,h € G> is the smallest normal subgroup of G with abelian quotient.

Proof. For any k € G, we have the identity
k(ghg 'h M)kt = (kgk™ ') (khk™Y) (kgk™) 1 (khk~1) L

Thus, conjugation by any k € G permutes the generators of G’. This shows that G’ is a normal subgroup of
G. The quotient G/G" is abelian since

(9GY (WG (gG) M (WG = (ghg ' h ™ HG =&
for any cosets gG',hG’' € G/G’. If N is a normal subgroup of G with abelian quotient then for any g, h € G,
(ghg *h™")N = (gN)(hN)(gN)"*(hN)~' = N.

Thus, ghg~'h~! € N for any g, h € G. This shows that G’ < N. O



The analog of (2) for G’ is the inequality

P@G) <+ <1+ |§,>. (3)

A proof of this inequality is given in the appendix. When G is nonabelian, Lemma 3 shows that the derived
subgroup G’ is nontrivial. In particular, |G’| > 2 which recovers the estimate P(G) < 2.

If |G’| > 3 then (3) gives the estimate P(G) < 4. Now consider the case where |G| = 2. Let G’ = {1, z}.
Since G’ is a normal subgroup of G, we must have grg~! = z for all g € G. Thus, x € Z(G) which shows
that G’ < Z(G). With this in mind, we now consider the case where |G’| is prime and where G’ < Z(G).

2.1 Casel: |G| =pand G' < Z(G)
For each g € G, consider the function p,: G — G’ given by ¢, (h) = ghg='h~!. Then since G’ < Z(G),

@q(h)pg(k) = (ghg™'h™")(gkg k") = ghg™ " (gkg k™" )h™" = g(hk)g~ ' (hk) ™' = g (hk)

for all h, k € G. Thus, ¢, is a homomorphism. Also note that ker ¢, = C(g). Then by (1),

= F L 10e0) =g Lol = 7 X i = 6] 2 g

geG geG

If g € Z(G) then |im | = 1. Otherwise, im ¢ is a nontrivial subgroup of G’ so |im ¢| = p. Thus,

P@) =g (12@1+ 5161~ 120N ) = 1 (14 527 )

It remains to determine the possible values for [G : Z(G)]. Consider the function ¢: G x G — G’ given by
©(g,h) = ghg~th=1. We now prove several properties of .

o o satisfies (g, hk) = (g, h)o(g, k) and (gh, k) = (g, k)p(h, k) for all g, h,k € G.
Proof. Since G' < Z(G),

©(g.h)p(g, k) = (ghg™"h™")(gkg™'k™") = ghg™ ' (gkg™ "k~ " )h ™" = g(hk)g~ ' (hk) ™' = ¢
o(g, k)p(h, k) = (gkg™ " k™) (hkh~'k~Y) = g(hkh™ "k~ kg™ 'k~" = (gh)k(gh) 'k~ = @(gh, k),

as desired. O
e o(g,9)=1forall g eG.
Proof. We can compute ¢(g,9) = ggg~ g ' = 1. O
e If g € G is such that p(g,h) =1 for all h € G then g € Z(G).
Proof. If ¢(g,h) = 1 for all h € G then ghg='h~! =1 for all h € G so g € Z(Q). O
If g,h € G and z,w € Z(G) then

@(g2, hw) = (g, hw)p(z, hw) = p(g, h)p(g, w)p(z, h)p(z,w) = (g, h).

Then we obtain a well-defined map @: G/Z(G) x G/Z(G) — G’. The three properties of ¢ that we proved
give rise to three analogous properties of @.

o 7 satisfies B(z,y2) = Ba,y)P(, 2) and B(ay, 2) = Bla, 2)P(y, ) for all a,y, = € G/Z(G).



o O(z,z)=1for all z € G/Z(Q).
o If x € G/Z(G) is such that B(z,y) =1 for all y € G/Z(G) then z = 1.

By the first property of 3, we have the identity (2P, y) = @(x,y)? = 1 for all x,y € G/Z(G). By the third
property of @, 2P =1 for all x € G/Z(G). Also note that G/Z(G) is abelian by Lemma 3. This shows that
G/Z(G) is a vector space over IF,,, the finite field of order p. In particular, G/Z(G) is an elementary abelian
p-group, meaning that G/Z(G) = C), x - -+ x C}, where C}, denotes the cyclic group of order p.

The three properties of @ state that @ is a “symplectic bilinear form” on the F,-vector space G/Z(G).
As we prove in the appendix (Theorem 9), this implies that the dimension of G/Z(G) over F, is even. In
particular, [G : Z(G)] = p?* for some positive integer n. We summarize this result in the following theorem.

Theorem 4. Let G be a nonabelian finite group. If |G'| = p is a prime and if G' < Z(G) then G/Z(G) is
an elementary abelian p-group of order p*>™ for some positive integer n and

P(G):1<1+p_1>.

D p2n

Before starting Case I, we proved that if |G’| = 2 then we automatically have G’ < Z(G).
Corollary 5. Let G be a finite group.
e If|G'| =1 then P(G) = 1.
o If|G'| =2 then P(G) = 1 (14 272") for some positive integer n.
o If|G'| > 3 then P(G) < L.
We now turn our attention to the case where |G'| = p and G’ £ Z(G). In this case, G'NZ(G) is a proper
subgroup of G’ so G’ N Z(G) =1 by Lagrange’s theorem.
2.2 Casell: |G'|=pand G'NZ(G) =1
In this section, we will prove the following result.

Theorem 6. Let G be a nonabelian finite group. If |G'| = p is a prime and if G' N Z(G) = 1 then
G/Z(G) = C, x Cy, for some integer k > 2 dividing p — 1 and

kK2 +p—1

Theorem 6 gives the following generalization of Corollary 5.
Corollary 7. Let G be a finite group.

e If|G'| =1 then P(G) =1.

o If|G'| =2 then P(G) = 1 (14 272") for some positive integer n.

o If|G'| =3 then either P(G) = § or P(G) = % (1+2-372") for some positive integer n.

o If|G'| >4 then P(G) < L.

In particular, P(G) does not takes values in the interval (1%, 1).



To prove Theorem 6, we first reduce to the case where Z(G) = 1. This will be done by considering the
quotient H = G/Z(QG). If two cosets ¢Z(G),hZ(G) € H commute then

(ghg™'h™1)Z(G) = (9Z(G))(hZ(G))(9Z(G)) " (hZ(G)) ™" = Z(G)
so ghg='h™' € G’ N Z(G) = 1. This proves the useful result
(92(G)(hZ(G)) = (hZ(G))(9Z(G)) <= gh = hg. (4)
We now prove several properties of H.
e Z(H)=1.
Proof. Let gZ(G) € Z(H). By (4), g € Z(G). Then gZ(G) = 1 which shows that Z(H) = 1. O
o H =@

Proof. By Lemma 3 and the third isomorphism theorem, we have H' < N/Z(G) if and only if G’ < N.
Then Lemma 3 shows that H' = (G'Z(G))/Z(G).

Since G’ and Z(G) are normal subgroups of G with trivial intersection, the product G'Z(G) is the
internal direct product of G’ with Z(G). Then H' = (G'Z(G))/Z(G) = (G' x Z(G))/Z(G) = G'. O

o P(H) = P(G).

Proof. By (4), we can directly compute

P(H) = I;IQ {9Z(G),hZ(G) € H : (9Z(G))(hZ(G)) = (hZ(G))(9Z(G))}]
Z|(GGQ)| {92(G),hZ(G) € G/Z(G) : gh = hg}|
:é|2|{g,h€G:gh=h9}|=P(G)~ =

If Theorem 6 holds for H then
G/Z(G)=H=H/Z(H)=C, xCy

for some positive k > 2 dividing p — 1 and

E+p—1

Thus, if Theorem 6 holds for H then Theorem 6 holds for G. This allows us to reduce to the case where
Z(G) = 1. For the remainder of this case, suppose that Z(G) = 1. We first show that the centralizer

Ce(G')={9€G:gh=nhgforall he G}
is abelian.
Lemma 8. If 2,y € Cg(G") then z~lyxy~! € Z(G).
Proof. We will use the notation [h, k] = hkh=1k~!. For each g € G, we have the Hall-Witt identity
-1

—1 1

glla™ 2l ylg lly ' gl 2]y ezl gla !t = 1.

To prove this identity, just expand it out and start cancelling terms. Since z,y € Cg(G’), we have that
[971, 2],y] = 1and [[y~!,g],2] = 1. Then [[x~1,4],g] = 1 for all g € G. This shows that [z, y] € Z(G). O



Since Z(G) = 1, Lemma 8 shows that C(G’) is abelian. Since G’ is a normal subgroup of G, we can
consider the conjugation homomorphism ¢: G — Aut(G’) where ker p = Co(G).

Recall that G’ is cyclic of order p. Then a standard result in group theory states that Aut(G’) is cyclic
of order p — 1. Applying the first isomorphism theorem to the conjugation homomorphism ¢: G — Aut(G’)
shows that G/Cqg(G’) is cyclic of order k for some positive integer k dividing p — 1. Let gCq(G') be a
generator of G/Cq(G’). Then G is generated by g and Cq(G').

Consider the function f: Cg(G') — G’ given by f(z) = grg~'z~!. Suppose that f(z) = f(y) for some
2,y € Cg(G"). Then grg~lz=! = gyg~ty~! so gy~ 'z = y~lzg. In other words, g € Cg(y~'z). Since
Cq(G") is abelian, we also have that Cg(G’) < Cg(y~'x). Since G is generated by g and Cg(G'), we
have that Cg(y~'x) = G. Then y~'z € Z(G) so # = y. This shows that f is injective. In particular,
|Ca(G")] < |G'|. Since G’ is abelian, we also have G’ < Cg(G’). This shows that Cq(G') = G'.

To summarize, G/G’ is cyclic of order k for some positive integer k dividing p — 1. Since gG’ generates
G/G', g has order divisible by k. Then some power of g generates a cyclic subgroup H of order k. Since k is
coprime to p — 1, Lagrange’s theorem shows that G’ N H = 1. Then the recognition theorem for semidirect
products shows that G = G’ x H = C}, x Cy. In particular, G can be written as the disjoint union

G={1}U(C\ {1} U (Cp\{1}) U--- U(Cp \ {1}).

p copies

where there is no commutation between any two of the p + 1 nonidentity components in this decomposition.
Then we can directly compute
(2pk—1)+(p—1)+pk—1)?2 Kk +p—1

p2 2 - k2p

P(G) =

where 2pk — 1 is the number of commuting pairs involving the identity element. This proves Theorem 6.

3 Appendix: Character Theory

In this appendix, we prove (3) via character theory. We can rewrite Equation (1) as

1 1
P =Ly L
1G] 241G+ Calo)]
where [G : Cg(g)] is the size of the conjugacy class of g. Then each conjugacy class of G contributes 1 to
the sum. This shows that
_ k&)
|G|

where k(G) denotes the number of conjugacy classes of G. In other words, we would like an upper bound
on the number of conjugacy classes of G. This will be done by considering the irreducible characters of G.
Let x1,X2,- -+, Xk(e) be the irreducible characters of G. We will need the following results:

P(G)

e The number of irreducible characters of G equals the number of conjugacy classes of G.
e Fach irreducible character y; of G has a degree deg x; which is a positive integer.
2
e > (degxi)” =[Gl
e The number of irreducible characters of G of degree 1 equals [G : G'].

We can make the estimate

k(G) G
Gl =" (degxi)? > [G: G+ 4(k(G) — [G : G']) = 4k(G) — 3|'G,'|.



Then dividing through by 4 |G| and rearranging terms shows that

CRG) 1 3
P<G>—|G|<4(“af|>

as desired.

4 Appendix: Symplectic Vector Spaces

Let F be a field and let V be a finite-dimensional vector space over F. A symplectic bilinear form on V is
a function w: V' x V — F that satisfies:

o w(z,y+2)=w(r,y) +wx,z) and w(r +y,2) =w(z,2) +w(y,z) for all z,y,z € V.
o w(cx,y) = cw(z,y) and w(z, cy) = cw(z,y) for all x,y € V and c € F.
o w(xz,x)=0forallz e V.
e If x € V is such that w(z,y) =0 for all y € V then z = 0.
Suppose that there exists a symplectic bilinear form w on V. Then for all z,y € V, we have the identity
O=wx+y,r+y) =wz)+wxy) +wyz)+wyy) =wly) +wy, ).

This shows that w(x,y) = —w(y, ) for all z,y € V. Now suppose that dimV > 1. Let « € V' \ {0}. Then
there exists a y € V such that w(z,y) # 0. Note that w(z,cr) = cw(x,2) =0 for all c € F. Then y & (z)
which shows that dim(z,y) = 2. Let

W={z€eV :w(zz)=w(y,z) =0}
We now prove several properties of W.
o dimW >dimV — 2.
Proof. Note that W = ker ¢ where ¢: V — F?2 is the linear transformation given by

p(2) = (W(z, 2),0(y, 2))-

Then rank ¢ < 2 so
dimW =dimkery =dimV —rankp > dimV — 2

by the rank-nullity theorem. O
o V={(z,y)W.
Proof. Let z € (x,y) NW. Then z = cx + dy for some ¢,d € F. We have the identities

0=w(z,2) =w(z,cx+dy) = cw(x,z) + dw(z,y) = dw(z,y),
0=w(z,2) =w(y,ce+dy) = cw(y,z) + dw(y,y) = —cw(z,y).

Then ¢ = d = 0 since w(x,y) # 0. This shows that (z,y) N W = {0}. Then the previous property
shows that V = (z,y) ® W. O

e There exists a symplectic bilinear form w on W.



Proof. Let @: W x W — F be given by w(x,y) = w(x,y) for all z,y € W. In other words, @ is just
the restriction of w to W. Since w satisfies the first three axioms of a symplectic bilinear form, so does
w. It remains to show that @ satisfies the fourth axioms of a symplectic bilinear form. Let w € W be
such that @(w, z) = 0 for all z € W. Then w(w, z) = 0 for all z € W. We also know that w(w,z) =0
and w(w,y) = 0. By linearity, w(w, z) =0 for all z € (W, z,y) = V. O

In summary, we have shown that if dim V' > 1 then there exists a subspace W of V with dimW =dimV —2
and there exists a symplectic bilinear form on W. Then induction on dim V" proves the following theorem.

Theorem 9. Let V be a finite dimensional vector space over a field F'. Suppose that there exists a symplectic
bilinear form w on V. Then dimV is even.



