LI NEAR ULTRAF ILTERS

Georg e M. Berg man

Department of Mathematics University of California, Berkeley CA 94720 -3840, USA

gbergman @math.berkeley.edu

Ehud Hrushov ski

Institute of Mathematics, Hebrew University of Jerusalem, Jerusalem, Israel

ehud @math.huji.ac.il

ABSTRACT.Let X be a k-vector space, and U a maximal proper filter of subspaces of X. Then the ring of endomorphisms of X that are ‘‘continuous’’ with respect to U modulo the ideal of those that are ‘‘trivial’’ with respect to U forms a division ring E(U). (These division rings can also be described as the endomorphism rings of the simple left End(X)-modules.) We study this and the dual construction, based on maximal cofilters of subspaces of X; in particular, the relation between the constructed division rings and the original field or division ring k. We end by examining a more general construction in which X is a module over a general ring, given with both a filter and a cofilter of submodules.

.................................................................

1991 Mathematics Subject Classifications. Primary: 03C20, 15A04, 16K40; secondary : 03E50, 12L10, 16B70, 16D60, 16D90, 18E35.

This work was begun while Bergman was partly supported by NSF contract MCS 82-02632 and Hru shovski by an NSF graduate fellowshi p, and completed while Bergman was partly supported by NSF contract DMS 93-03379 and Hrushovski by DMS 94-00894. The authors are ind ebted to Mike May, whose notes from the Berk eley ‘‘Topics in Algebra’’ cou rse in which some of these results arose helped us to reconstruct, 14 years later, what we had done.

1. Definitions and basic results.

Defi nition 1. Let X be a vector space over a field k, or more generally, a right vector space over a division ring k.

By a linear filter on X we sha ll mean a nonemp ty set F of subspaces of X such that (i) If A ⊆ B ar e subspaces of X, then A∈F ⇒ B ∈F. (ii) If A, B ∈F then A∩ B ∈F.

A linear endomorphism f of X will be calle d conti nuous with respect to the filter F if for all A∈F, f –1(A) ∈F, while f will be called trivial with respect to F if it satisfies the stronger condition ker( f ) ∈F. The ring (or if k is assumed commutative, the k-algebra ) of endomo rphisms of X continuous with respect to F will be deno ted R(F ), the ideal of R(F ) consisting of endomorphisms trivial with respect to F will be denote d I(F ), and the factor-ring E(F ) = R(F ) ⁄I(F ) will be called the eigenring of F.

A linear filter will be called proper if it does not contain all subspaces of X, equivalently, if it does not contain the subspace {0}. A maximal proper linear filter will be called a linear ultrafilter on X.

The verificat ion that for F a linear filter on X, R(F ) forms a unital subring of End( X), and I(F ) a 2-sided ideal of this subring, is straightforward . (We remark tha t thro ughout this note, linear maps among right vec tor spaces, and in §§7-9 amo ng right modul es, will be written to the left of the ir arguments, and com posed accord ingly.)

The definitions of linear filter and ultrafilter are, of cou rse, inspired by the definitions of filter and ultrafilter of subsets of a set S [9, §7], [6, p.196], [1, Def. 1.3 .1]. Now because every subset of a set S has a unique complement, if we dualize those set-theoretic concepts, we get nothing new: a ‘‘cofilter’’ of subse ts of a set, defined in the manner dual to the definition of a filter of subsets, consists simply of the complements of the members of a filter of subsets. However, this reduction is not available in the con text of vector spa ces, so in that context, the dual objects are of separate interest. Hence, let us make

Defi nition 2. Let X be a right vector space over a division ring k.

By a linear cofilter on X we shall mean a nonempty set G of subspaces of X such that (i) If A ⊇ B ar e subspaces of X, then A∈G ⇒ B ∈ G. (ii) If A, B ∈G then A+ B ∈G.

A linea r endomo rphism f of X will be said to respect the cofilter G if for all A∈G, f(A) ∈G, while f will be called trivial with respect to G if it satisfies the stronger condition f(X) ∈G. The ring (or if k is assumed commutative, the k-algebra ) of endomorphisms of X which respect G will be denoted R(G), the ideal of R(G) consisting of endomor phisms trivial with respect to G will be denoted I(G), and the factor-ring E(G) = R(G) ⁄I(G) will be called the eigenring of G.

A linear cofilter will be called proper if it does not contain all subspaces of X, equivalently, if it does not contain X itself. A maximal proper linear cofilter will be called a linear co-ultr afilter on X.

Miscellane ous rema rks. In the above definitions we have spoken of our eigenrings as k-algeb ras if k is commutative, but merely as rings in the general case. Actually, one can see that for general k, they are algebras over the center of k.

Note that for F a linear filter on X, two elements of R(F ) are congruent modulo I(F ) if and only if they agree on some member of F, while for G a linear cofi lter, two elements of R(G) are congruent modulo I(G) if and only if the range of their dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erenc e is a member of G.

In stud ying set-theoretic filters (especially ultrafilters), one often calls a member of the filter a ‘‘large’’ set, and a set whose complement is large ‘‘small’’. However, it would be misleading, in considering a linear (ult ra)filter F, to think of a linear com plement of a member of F as ‘‘small’’, since the sum of two such com plements can be a member of F, or, indee d, all of X. (By a linear complemen t of a subspace A ⊆ X we mean a subspace B such that X = A 2+ B.) This is an instance of the fact that necessitated our making separate definitions of linear ‘‘filter’’ and ‘‘cofilter’’: the set of linear complements of members of a linear filter F does not, in general, constitute a linear cofilter.

How may we think of the rings E(F ) and E(G)? Loosely, E(F ) can be thought of as the ring of endo mo rphisms of the ‘‘v irtual intersection’’ of F (even if the actu al intersection is {0}), and E(G) as the ring of endomo rphisms of the factor- space of X by the ‘‘virtual union’’ of G. (In §7 we shall construct categories in which such ‘‘virtual intersections’’ and ‘‘virtual factor-spaces’’ live, and whe re E(F ) and E(G) are indeed their rings of endomorphisms.)

Barbara Osofsky has pointed out to us that our linear filters and cofilters correspon d respect ively to left and right ideals of the full ring of endomorphisms of X. Indeed, from the easily verified fact that every principal left (respectively, right) ideal of a ring of the for m End( X) is uniquely determined by a subspace of X, nam ely the com mon kernel (respectively, the common image) of its cyclic generators, one can deduce that general left and right ideals of End( X) are in bijective corresp ondence with filters F, respectively cofilters G of subspaces of X. For any linear filter F, the correspo nding left ideal of End( X) is, in fact, I(F ), and for any linear cofilter G, the correspo nding right ideal is I(G). Our R(F ) and R(G) are the idealizer subrings [7, p.30] of these one-sided ideals in End( X), hence our eigenrings E(F ) and E(G) are the endomorphism rings of the left and right End( X)-modules End( X) ⁄I(F ) and End(X) ⁄I(G) respectively. (One may or may not need to put an ‘‘( ) op’’ on the endomorphism rings of the left modules, depending on one’s convention on how such end omorphisms are written. If they are written on the right and composed according ly, this is not needed. ) Simple module s over such rings have been studied using these ideas in [16, §§2, 5], [18].

However, in what follows we will use the formulations given in the Defin itions above, and only occasionally refer to these translations into the language of End( X)-modules. The more general theor y that we shall develop in §§7-9 does not seem to admit a comparable translation.

Certain facts about set-theoretic ultra filters do have analogs for the linear case:

Lemma 3. Every proper linear filter (cofilter ) on a vector space X is contained in a linea r ultrafilter (co-ultrafilter ).

A linear filter F (a linear cofilter G) is a linear (co )ultrafilter if and only if for every subspace A ⊆ X, either A or some linear complement of A in X belongs to F (respectively, G).

Proo f. The first assertion is clear by Zorn’s Lemma.

To see the second, note that a linear filter F will be a linear ultrafilter if and only if for every subspace A of X, either A is already in F, or the linear filter gotten by adjoining A to F is improper. That filter consists of all subspaces which contain A∩ B for some B ∈F ; hence it is improper (contains {0}) if and only if F contains some B whose intersection with A is trivial. But every such B is contained in a linear complement to A, and this will also lie in F, giving the desired criterion. The criterion for a linear cofilter to be a linear co-ultrafilter is proved by the dual argument. 1

We spoke above of ‘‘adjoi ning’’ an element to a linear filter or cofilter. Let us set up the relevant language and nota tion.

Defi nition 4. Let S be any set of subspa ces of X.

Then the least linear filter on X containing S, i.e., the set of all subspaces A ⊆ X such that A contains a finite intersection of members of S, will be called the linear filter generated by S. If F is any linear filter on X, then F ∨ S will denote the linear filter generated by F ∪ S, i.e., the set of all subspaces of X that contain the intersect ion of a member of F and a finite family of members of S.

Similarly, the least linear cofilter on X containing S, i.e., the set of all subspaces A ⊆ X such that A is containe d in the sum of finitely many members of S, will be called the linear cofilte r generated by S, and if G is a linear cofilter, then G ∨ S will denote the linear cofilter generated by G ∪ S, i.e., the set of all subspaces of X that are contained in the sum of a member of G and a finite family of members of S.

A linear filter or cofilter generated by a single subspace of X will be called principal.

Recall that we defin ed R(F ), for F a linear filter, as the set of linear endomorph isms f of X such that inverse images under f of members of F lie in F, while for G a linear cofilter, we defined R(G) as the set of f such that images of membe rs of G lie in G. The next result shows that in the cases of linear ultrafilters and co-ultrafilters , and nontrivial f, we also have the reverse implications.

Lemma 5. If U is a linear ultrafilter on a vector space X, and f ∈ R(U ) I(U ), then A∈U ⇒ f(A) ∈U.

Likewise, if V is a linear co-ultrafilter on X and f ∈ R(V) I(V), then A∈V ⇒ f –1(A) ∈V.

Proo f. Given U, f and A as in the first statement, suppos e f(A) ∈ U. Then by the preceding Lemma, f(A) has a linear complement B in X which belongs to U. Hence f –1(B) belongs to U, hence so does f –1(B) ∩ A. But this intersection is contained in ker( f ), so ker( f ) ∈U , i.e., f ∈I (U ), a contradiction.

The second assertion is proved dually, interchanging the roles of image and inverse image, and of intersection and sum. 1

We now arri ve at the subject of this paper. The easiest way to get the next result from known facts is to regard E(U ), respectively E(V) as endomorphism rings of simple End( X)-modules, and to recall that the endomorphism ring of a simple module is a division ring. Thus, the reader who wishes may skip the proo f given below! However, we wanted to give an argument in the spirit of the rest this note, and felt it wou ld provid e a goo d warm-up for arguments of a similar flavo r to com e.

Proposition 6. If U is a linear ultrafilter, then E(U ) is a division ring.

Likewise, if V is a linear co-ultrafilte r, then E(V) is a division ring.

Proo f. To get the first assertion, we first note that because U is a prop er linear filter, the identity endomorph ism of X is not in I(U ), hence that 1 ≠ 0 in E(U ). Now consider any f ∈R (U ) I(U ). Since f∈ I(U ), ker( f ) ∈ U, hence ker( f ) has a linear complement A∈U , and f gives an isomorphism A → f(X). Let us take the inv erse isomorphism, and extend it in an arbitrary way from f(X) to all of X, getting an endomorphism g of X. To show that g ∈R (U ), note that the inverse image under g of any subspace B ∈U contains f(A∩ B). But A∩ B belongs to U, hence by the preceding Lemma, so does f(A∩ B), as required. Finally, we note that fg and gf agree with the identity on the subspaces f(X) and A respectively, of which the latter belon gs to U by assumption, and the former by the preceding Lemma. Hence the images in E(U ) of fg and gf are 1. Thus, the image of f in E(U ) is invertible, showing that E(U ) is a division ring.

We sketch the proof of the second assertion. Again, 1 ≠ 0 in E(V) because V is proper. Given f ∈ R(V) I(V), we have f(X) ∈ V, hence f(X) has a linear complement B∈V . Letting A be a linear complement of ker( f ) in X, f induces an isomorphis m A → f(X). Taking the inverse to this map, and extending it to all of X by making it zero on B, we get an endomorphism g of X. We find that the composite maps fg and gf dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath er from the identity map of X by map s having range in B∈V and ker( f ) = f –1(B) ∈V respective ly; moreover, the former observation shows that for any C ∈V , g(C) ⊆ f –1(C + B), which by the preceding Lemma lies in V, hence g belongs to R(V), and we conclude that its image in E(V) is an inverse to the image of f. 1

There is a degen erate class of cases in which these division rings are easy to characterize. The rea der can easily verify

Lemma 7. The linea r filter (respectively, cofilte r) generated by any finite set S of subspaces of X is principal, genera ted by the intersection (respectively, the sum ) of the spaces in S. The principal linear filter (cofilter ) generated by a subspace A is a linear ultrafilter (co-ultrafilte r) if and only if A has dimensi on 1 (respectively, codimension 1). In this case, its eigenring is naturally isomorphic to the division ring of endomo rphisms of A (respectively, of X ⁄A), and is thus isomorphic to k (natu rally, or after a choic e of basis-element, depending on whethe r or not k is commutative ). 1

Let us note

Corollary 8. A linear ultrafilter U on X is nonprincipal if and only if it contains the linear filter of all subspac es of finite codime nsion in X.

A linear co-ultrafilter V on X is nonprincipal if and only if it contains the linear cofilt er of all finite-dimensional subspaces of X.

Proo f. In each case, ‘‘if’’ is clear from the charac terization of the principal linear (co)ultr afilters in the preceding Lemma.

Conversely, suppose U is a linear ultrafilter and A a subspace of finite codimension in X not belonging to U. Then U contains a linear complement B to A, which will be finite-dimensional. Since U is closed under intersections, and the lattice of subspaces of B has descend ing chain condition, there will be a least subsp ace of B belonging to U, and this is easily seen to generate U as a linear filter; thus U is principal. The assertion for co-ultrafilters is proved similarly. 1

We remark that under the correspondence between linear (co)u ltrafilters on X and simple End( X)-module s, the principal ultrafilters correspond to left modu les isomorphic to X itself, and the principal co-ultrafilters to right modules isomorphic to the dual space X*; both of these simple modules have endo morphism ring k.

What division rings – or more precisely, what divi sion algebras over the cent er of k – occur as eigen rings of nonpri ncipal linear ultrafilters and co-ultrafilters? Without set-theoretic assumptions, the authors know noth ing whatsoever of the answe r; even for k commutative, we do not know whether these division algebras all reduc e to k, or whether any of them are commutative at all. However, in the next three sections we shall show that if we assume the Continuu m Hypothesis, or certain consequences thereof, then both commutative and noncommutative examples occur. Even with such assumptions, we know no restrictions on the division algebras that can occur.

Every filter of subsets of a set is an intersection of ultra filters. The straightforward analog of this statement for vector spaces is false, but we hav e the elegant resul t

Proposition 9. If F is a linear filter (respectively, G a linear cofilter ) on a vector space X, then the intersection of all linear ultrafilters contai ning F (respectively, of all linear co-ultrafilters containing G) consists of those subspaces A ⊆ X such that every linear complement of A has a linear comple ment belonging to F (respectively, to G).

Proo f. If A has the indica ted property, then a linear (co)ultrafilter containing our given (co)filter cannot contain any linear complement of A, hence, by Lemma 3, must contain A.

On the other hand, if A does not have the indicated property, then it has a linear complement B which has no linear complement in our given (co)filter, hence there is no member of that (co)filter whose intersection with B is zero (respecti vely, who se sum with B is all of X). Hence we can adjoin B to our (co)filter and still get a proper (co)filter, and this will be cont ained in a (co)ultr afilter. Since this contain s B, it does not contain A, showing that A is not in the intersection of all linear (co)ultrafilters containing the given linear (co)filter. 1

As an example, we have

Corollary 10. Let X be an infinite-dimens ional vector space, S a basis of X, and F the linear filter consisting of all subspaces of X which contain all but finitely many members of S. Then the intersection of all linear ultrafilters containing F is the filter of all subspa ces of finite codimension in X.

Proo f. This follows immediately from the above Proposition and the fact that every subspace B of X has a linea r complement spanne d by a subset T of the basis S. (The latter statement may be proved by well-ordering S, and taking for T the set of thos e elements of S that do not occur as largest element of the ‘‘support’’ of any element of B.) 1

In the situation of the above Corollary, the intersection of all linear ultrafilters containing F is strictly larger than F, since, for example, the kernel of the linear functional taking all elements of S to 1 belongs to that intersection, but not to F. We do not know of a correspond ing exampl e for linear cofilters. The analogous approach would seem to be to start with the linear cofilter G of all subspaces contained in the spans of finite subsets of S, and show that the intersection of all linear co-ultrafilters containing this is the linear cofilter of all finite-dimensional subspace s of X. This is true; but in fact, G itself is the linear cofilter of all finite-dimensional subspaces of X, so this example does not show that our intersection-of-co-ultrafilters construction can change anything!

This asymmetry is a consequ ence of the fact that an infinite -dimen sional vec tor space has in gen eral ‘‘more’’ subspa ces of finite codimension than of finite dimension. One can in fact prove that any linear cofilter G consi sting of finitedimens ional subspaces of a space X is just the cofilter of all finite-dimensional subspace s of its union, and satisfies the criterion of Propos ition 9 for being an intersection of linear co-ultr afilters.

Let us make explic it the meaning of a term we used parenthetically in the proo f of Corollary 10, and will be using again.

Defi nition 11. Suppose X is a vector space and S a basis for X. Then the suppo rt of an element a ∈X (with respect to the basis S) will mean the set of elements of S occurring with nonzero coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cient in the expression for a as a linear combination of elements of S. The support of a subspace A ⊆ X will mean the union of the supports of the elements of A.

2. Some lemmas. In the next two sections, we shall develop examples of linear ultrafilters and co-ultrafilters whos e eigen rings have specified properties. In this section we will give a few lemmas of general interest that we will need for this task (two known, and one appa rently new). On the other hand, lemmas that are most naturally motivated in terms of the specific constru ctions of the nex t two sections will be developed in those sections.

Note that we shall in gen eral write ‘‘U ’’ for a set-theoretic ultrafilter, reserving ‘‘U ’’ for linear ultrafilters.

Lemma 12 (Katě tov [13, Proposition 1], cf. [9, Theorem 9.2]). Let S be a set, g: S → S a set map, and U a (set-theoretic ) ultrafilter on S. Then either the fixed set of g belongs to U, or there is a T∈U such that g(T ) is disjoint from T (equiva lently, g–1(T ) is disjoint from T).

Sketch of Proof. By an elemen tary argument (cf. [13, Theorem], [9, Lemma 9.1]) we can partition S into four subsets such that one of these is the fixed set of g, while each of the others is disjoint from its image under g. One of these sets must belong to U, giving the asserted conclusion. 1

Next, we need a bit of terminology. A nonprincipal ultrafilter U on a countab le set S is called by specialists a p-point if for every partition of S into disjoint subsets S = S0 ∪ S1 ∪ ... , either one of the Si belongs to U, or there is a member of U that meets each Si in only finitely many elements, while U is called q-point if for every partition of S into disjoint finite subsets, S = S0 ∪ S1 ∪ ... , there is a member of U that meets each Si in at most one element. An ultrafilter U that has both properties is called a Ramsey ultrafilter ; this can be characterized by the property that for any partition of S into disjoint subsets S = S0 ∪ S1 ∪ ... , either one of the Si belongs to U, or there is a member of U that meets each Si in at most one element. For one of the examples in the next section, we will need the existence of a Ramsey ultrafilter, and for another, the weaker assumption that there exists a q-point. Variou s conditions are known to imply, or be equivalent to, these existence statements; cf. [1, §§4.4-4 .5]. For the non-spe cialist reader, we sketch the proof of

Lemma 13 ([5, Theorem 4.14], cf. [ibid. , Lemma 4.4, Theorem 4.9 (i)⇔(iv)]). The Continuum Hypothe sis 2ℵ 0 = ℵ 1 implies the existence of a Ramsey ultrafilter, and hence of a q-point, on any countable set S.

Sketch of Proof. The set of all partitio ns of S has cardinality 2ℵ 0, hence assuming the Con tinuum Hypot hesis, we may index this set as {Pα ! α ∈ω1}, where ω1 is the first uncountable ordinal. We shall now construct recursively an ascending chain of proper filters Fα (α ≤ ω1) with the following properties: (i) Fα contains the filter of cofinite subsets of S. (ii) If α < ω1, then Fα is countab ly generated. (iii) For each β < α , Fα either contains a member of the partition Pβ , or contains a set which meets each member of Pβ in at most one element.

We take F 0 to be the filter of cofinite subsets of S, and at every other limit ordinal α , we let Fα be the union of {Fβ ! β < α }; it remains to describe how to construct Fα +1 from Fα for α < ω1. Let a countable generating set for Fα be {X0, X1, ... }. Then Fα is also generated by the descendin g chain X0 ⊇ (X0 ∩ X1) ⊇ (X0 ∩ X1 ∩ X2) ⊇ ... ; let us abbreviate this to Y0 ⊇ Y1 ⊇ ... . Let the sets comprising the partition Pα be S0, S1, ... .

If some Si 0 has nonempty intersection with all Yj, choose one such i0 and define Fα +1 = Fα ∨ {Si 0 }. It is straightforw ard to verify that this has the desired properties.

In the contrary case, let Fα +1 = Fα ∨ {T} where T = {t0, t1, ... } is constructed as follows. Assuming {t0, ... , ti–1 } chosen, take ti to be a member of Yi which does not belong to the same Sj as any of t0, ... , ti–1. (This is possible because, by assumption, the set Sj to which each of these finitely many elements belon gs has empty intersection with some Yk ; hence the union of all the remaining sets Sj must have nonempty intersection with all Yk.) Again , it is straightforward that the filter Fα +1 = Fα ∨ {T} has the desired properties.

If we now take an ultrafilter U containing Fω 1 , condition (iii) guarantees that U will be a Ramsey ultrafilter. 1

We remark that without any extra set-theoretic assumptions, one can show that there are ultrafilters which are not p-points, and ultrafilters which are not q-points. To get the former, take a partition of the natural numbers into infinitely many infinite subse ts Si, let F be the filter generated by the complements of all these subsets, together with the complements of all sets which meet each Si in a finite set, and take any ultrafilter U containi ng F . To get the latter, let U be any ultrafilter on the nat ural num bers containing the filter of subsets of ‘‘density 1’’, i.e., subsets S such that limn→ ∞ card(S ∩ n) ⁄n = 1. Then U will contain no sets of density 0. But any set which meets each of the finite sets {0}, {1, 2}, {3, 4, 5}, ... (where the nth set consists of the first n natural numbers not yet used) in at most one element mu st have density 0; so U is not a q-point. (With a little more work, one can get an ultr afilter which is neither a p-point nor a q-point.) It is also known that the nonexi stence of a p-point [1, Theorem 4.4.7] and the nonexistence of a q-point [15] are each consistent with ZFC.

The above two Lemmas will be used in the constructions of §3. For §4 we need a dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent sort of result:

Lemma 14. Let k ⊆ L be division rings with [L : k]right < ∞ , let A be a right L-vector space, and let B be a k-subspace of L.

Then a suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cient condition for there to exist an L-linear functional f: A → L such that f(B) = L is that dimk(B) ≥ ([L:k]right)2. Likewise, a suf condition for there to exist a nonzero element a ∈A such that B∩ aL = {0} is that the k-codimension of B in A be at least ([L:k]right)2.

Proof. To get the first assertion, note that a set of ([L:k]right)2 k-linearly independent elements of B must include at least [L:k]right L-linearly independent elements. Hence we can choose an L-linear functional f carrying these onto a right k-basis of L.

In proving the second assertion, let us first show that we can assume A and B finite-dimensional. To do this, we take ([L:k]right)2 elements of A whose images in A⁄B are k-linearly independent, let A0 be the L-subspace of A that they span, and let B0 = B∩ A0. Then B0 still has k-codimension at least ([L:k]right)2 in A0, and we see that if in this finite-dimensional context we can find a ∈A0 such that B0∩ aL = {0}, then we in fact have B∩ aL = {0}, as desired.

So assume A and B finite-dimensional. If B contains at least [L:k]right L-linearly independent elements, then as in the first paragraph above, we can get an L-linear functional f on A which maps B onto L. Thus, on replacing A and B by A∩ ker(f) and B∩ ker(f) respectively, we get a smaller-dimensional L-space and k-subspace, yielding the same k-codimension, and an element a having the indicated property for this pair will have the same property for A and B. Hence by induction we are reduced to the case where the L-subspace BL ⊆ A spanned by B has L-dimension < [L:k]right. However, since B is assumed to have k-codimension at least ([L:k]right)2 in A, the k-dimension of A must be at least that large, so its L-dimension must be ≥ [L:k]right > dimL(BL). Thus A properly contains BL, and we see that any a ∈A BL will have the desired property. 1

(There is clearly a gap between the suf conditions of the above Lemma, and the obvious necessary conditions for the existence of the indicated functional f or element a, namely that B have k-dimension, respectively k-codimension, at least [L:k]right. It is shown in [3] that if k and L are fields, or more generally, division algebras finite-dimensional over a common field, then those necessary conditions are also suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cient.

For arbitrary division rings, it is shown there that the values ([L:k]right)2 of the above Lemma can be reduced by about a factor of 2. We do not know whether one can do any better than that.)

We are now ready to construct some linear ultrafilters and co-ultrafilters.

3. Constructions based on set-theoretic ultrafilt ers. We will use the following notation.

Definition 15. Let k be a division ring, X a right k-vector space, and S a k-basis for X. Then for any subset T of S, Tk will denote the span of T in X. If F is a filter of subsets of S, then Fk will denote the linear filter on X generated by the subspaces Tk (T∈F ); equivalently, the linear filter of all subspaces of X whose intersection with S belongs to F.

We shall abbreviate the relative complement S T of a subset T ⊆ S by Tc, and for F a filter on S, we shall write (F )c for the set of relative complements in S of the members of F (a ‘‘set-theoretic cofilter’’). We shall write (F )ck for the linear cofilter on X generated by the subspaces Tck (T∈F ); equivalently, the cofilter consisting of all subspaces A ⊆ X whose support in S (the set of basis elements involved in the expressions of the elements of A) is the complement of a member of F.

If U is an ultrafilter on S, then we shall simplify the symbols (U)c and (U)ck to Uc and Uck, since in this case, the set of complements (in S) of members of U is precisely the complement of U (in the power set of S).

We shall soon determine just when the linear (co)filters described above, and certain related ones, are linear (co)ultrafilters. In the next Lemma, ignoring this question, we shall compute their eigenrings. The second paragraph of that Lemma refers to the concept of regular cardinal; recall that this means an infinite cardinal which is not the supremum of a set of < cardinals smaller than ;

equivalently, an infinite cardinal which, as an ordinal, has no cofinal subset of smaller cardinality. An infinite cardinal that is not regular is called singular. (Thus, the least singular cardinal is ℵ ω.)

Lemma 16. Let k be a division ring, X a right k-vector space, S a k-basis for X, and U a nonprincipal ultrafilter on S. Then the rings E(Uk) and E(U ck) are both isomorphic to the ultrapower of k with respect to the ultrafilter U.

If moreover card(S ) is regul ar, and U contains no set of cardinality < card(S ), then, denoting by C the linear filter of all subspa ces of X of codimension < card(S ), the ring E(Uk∨ C ) is also isomorphic to the ultrapower of k with respect to U.

Proo f. Writing kS for the ring of k-valued functions on S, let us map this into the ring of endomorphisms of the vector space X by takin g each φ ∈k S to the operator f which carries every s∈S to sφ (s). It is straightforward that these operators lie in R(Uk), in R(Uck), and in R(Uk∨C), and that, moreover, if φ lies in

IU = {ψ ∈k S ! {s∈S ! ψ (s) = 0}∈U },

then f lies in I(Uk), I(Uck), and I(Uk∨C). Hence we have natural homomorphisms from kS⁄IU to the rings E(Uk), E(Uck) and E(Uk∨C). Since kS⁄IU is the ultrapower of k with respect to U, and is thus a division ring, these homomorphisms are one-to-one. (To get one-one-ness in the case of E(Uk∨C), we need the hypothesis on cardinalities of members of U to conclude that E(Uk∨C) ≠ 0.) It remains only to show that these embeddings are surjective.

To show this for the embedding in E(Uk), consider any f ∈R (Uk). Define a map g: S → S to fix all s∈S which are ‘‘eigenvectors’’ of f (i.e., are sent by f to an element of the form sφ (s)), and to send every other element s to some element t ≠ s in the support of f(s) with respect to the basis S. Now by Lemma 12, either the fixed set of g is in U, or U contains a set T whose image under g is disjoint from T. If the latter is true, note that by continuity of f we have f–1(Tk)∈ Uk, hence f–1(Tk)∩ Tk∈U k; yet by assumption on T, this intersection contains no member of S, a contradiction. Hence the fixed set of g lies in U. Now calling that set T, we see that on Tk, f may be described as multiplying each t∈T by an element φ (t)∈k . If we extend φ in an arbitrary manner to a map S → k, we see that the endomorphism of X which sends s to sφ (s) for all s∈S agrees with f on Tk∈U k, hence the image of f in E(Uk) is in the image of kS⁄IU, as claimed.

The proof for E(Uck) is similar. Given f ∈R (Uck), let g: S → S be a map which fixes s∈S if and only if s does not occur in the support of f(t) for any t∈S {s}, and otherwise sends s to some t ≠ s such that s lies in the support of f(t). As before, either the fixed set of g is a member of U, or there is some T∈U whose image under g is disjoint from T. In the latter case, we note that Tck∈U ck, but that the image of this subspace under f involves every member of T in its support, hence is not in Uck, a contradiction. Hence the fixed set of g belongs to U, and now calling this T, we see that for each s∈S , f(s) agrees modulo Tck with a scalar multiple of s, so again the image of f in our eigenring lies in the image of kS⁄IU.

The case of E(Uk∨C) is trickier. Let us choose an ordering of S of the order type of card(S) = dim(X). Thus, every proper initial segment of S has cardinality < card(S), and conversely (by our assumption that card(S) is regular), every subset of S of cardinality < card(S) lies in a proper initial segment. Now given f ∈R (Uk∨C), define g: S → S to take each s∈S to itself if it is an eigenvector of f, otherwise to the largest member of the support of f(s) other than s itself, under this ordering. Again, by Lemma 12 there exists a T∈U such that either T consists of fixed points of g, or g(T) is disjoint from T. If T consists of fixed points, i.e., eigenvectors of f, the desired conclusion follows as in the first case, so assume the contrary. Since T∈U , we have Tk∈U k∨C, hence f–1(Tk)∈U k∨C. This means that there exists T′∈U such that some subspace of T′k of codimension < card(S) therein is contained in f–1(Tk). Hence some subspace of f(T′k) of codimension < card(S) is contained in Tk; equivalently, there exists Q ⊆ S of cardinality < card(S) such that f(T′k) ⊆ (T∪ Q)k. By the properties of our ordering of S, we may take Q to be an initial segment of S.

Now consider the behavior of f on an element t∈T ∩ T′. Because t∈T , the largest member of the support of f(t), other than possibly t itself, is g(t), which is not a member of T; but because t∈T ′, the latter element must be a member of

T∪ Q; hence it must be a member of Q. Furthermore, since Q was assumed an initial segment of S, from the fact that that element belongs to Q it follows that all members of the support of f(t) other than t belong to Q. This says that the restriction of f to (T∩ T′)k∈U k is the sum of an operator h taking each member of T∩ T′ to a scalar multiple of itself, and an operator q with range in Qk. Since Q has cardinality < card(S), we have kerq∈C , so q ∈I (Uk∨C). Hence the image of f in E(Uk∨C) is the same as that of h, so f has the required form. 1

The first assertion of the above Lemma (concerning E(Uk)) has been obtained independently by N. Rodinò [19].

We shall use the above Lemma only in the case where S is countable; but comparing the assertions of that Lemma regarding E(Uk) and E(Uk∨C), it is natural to ask whether, if S is uncountable and is an infinite cardinal < card(S), the last assertion of the Lemma remains true with C replaced by the smaller filter C of subspaces of X of codimension < . The above proof does not go over to this situation, because the step where we enlarged Q to the initial segment of S that it generated, though it preserved the property that Q had cardinality < card(S), does not preserve the property of having cardinality < . However, the generalized result can be proved from the E(Uk∨C) case:

Corollary 17. Suppose k, X, S and U are as in the last paragraph of the preceding Lemma, let be any cardinal ≤ card(S), and let C denote the linear filter of all subspaces of X of codimension < . Then E(Uk∨C ) is isomorphic to the ultrapower of k with respect to the ultrafilter U.

Sketch of Proof. As before, it suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ces to prove that any member of R(Uk∨C ) is the sum of a ‘‘diagonal’’ element and an element of I(Uk∨C ). Now it is easy to see that every endomorphism of X is continuous with respect to the linear filter C defined in the preceding Lemma, and from this it is easily deduced that R(Uk∨C ) ⊆ R(Uk∨C). Hence applying that Lemma, we see that every member of R(Uk∨C ) is the sum of a ‘‘diagonal’’ element and an element

f ∈ I(Uk∨C) ∩ R(Uk∨C ).

So it suf to prove that every such f lies in I(Uk∨C ).

Note that the condition f ∈ I(Uk∨C) is equivalent to saying that there exists T∈U such that f(T) ⊆ Qk for some Q of cardinality < card(S). (Cf. argument where ‘‘Q’’ first appears in the proof of the preceding Lemma. That concerned membership in R(Uk∨C); this is the analogous observation on I(Uk∨C).) By our assumption on U, we have Qc∈U , so as f ∈R (Uk∨C ), we have f–1(Qck)∈U k∨C ; hence f–1(Qck) ∩ Tk ∈ Uk∨C . But by choice of Q, the image of this space under f is zero, showing that f ∈I (Uk∨C ), as desired. 1

We do not know whether any version of the above Corollary can be proved when card(S) is a singular cardinal.

Note that in the context of Lemma 16, Uk is strictly smaller than Uk∨C, hence Uk is not a linear ultrafilter. Thus, the E(Uk) case of that Lemma shows that there are linear filters other than linear ultrafilters whose eigenrings are division rings.

On the other hand, the next result will show that assuming the existence of q-points, respectively Ramsey ultrafilters, some of the linear filters and cofilters described in the other two cases of that Lemma are linear (co)ultrafilters. Thus, we will have examples of nonprincipal linear ultrafilters and co-ultrafilters whose eigenrings we can describe fairly exactly.

Proposition 18. Let k be a division ring, X a countable-dimensional right k-vector-space, with basis S, C the filter of all subspaces having finite codimension in X, and U a nonprincipal ultrafilter on S. Then the linear filter Uk∨C is a linear ultrafilter if and only if U is a Ramsey ultrafilter, while the linear cofilter Uck is a linear co-ultrafilter if and only if U is a q-point.

Proof. First suppose U is a Ramsey ultrafilter, and A any subspace of X. We must prove that either A or some linear complement of A belongs to Uk∨C. Let us write X as the union of a chain of subspaces (not necessarily all distinct), each of finite codimension in the next, beginning with A:

(1) A = A0 ⊆ A1 ⊆ A2 ⊆ ... .

Let S0 denote the set of elements of S that lie in A = A0, and for i > 0, let Si denote the set of elements of S that lie in Ai but not in Ai–1. Clearly, the sets Si partition S. If some Si is a member of U, then we have a term of (1) which is a member of Uk; hence A, which has finite codimension in that space, belongs to Uk∨C. In the contrary case, since U is Ramsey we can find a T∈U which meets each Si in at most one element. If T contains an element of S0 = S∩ A, let us drop this element from T; the resulting set clearly still belongs to U. We now claim that Tk has trivial intersection with A. For suppose 0 ≠ a ∈T k ∩ A, and let the support of a be {t0,...,tr} ⊆ T, with ti ∈Sm(i) and 0 < m(0) < ... < m(r). Then Am(r–1) contains t0,...,tr–1, and also contains a ∈A = A0, hence taking a linear combination of these, it contains tr, which is impossible, because by construction, members of Sm(r) do not appear in any space Ai with i < m(r). Since Tk thus has trivial intersection with A, it can be enlarged to a linear complement of A, which by choice of T will belong to Uk ⊆ Uk∨C, as required.

Conversely, suppose the linear filter Uk∨C is a linear ultrafilter, and let P be a partition of S. To each Q∈P let us associate the linear functional fQ: X → k taking members of Q to 1, and all other members of S to 0; and let AP ⊆ X be the intersection over all Q∈P of the kernels of these functionals, i.e., the set of elements of X such that the sum of the coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cients of the elements in each member of our partition is 0. By assumption, either (a) AP belongs to Uk∨C, or (b) it has a linear complement in Uk∨C.

Now (a) implies that we can find finitely many elements s1,...,sn∈S such that AP + {s1,...,sn}k ∈U k, i.e., such that the set of elements of S lying in

AP + {s1,...,sn}k is a member of U. But from the definition of AP, we see that for any s∈S , the above space contains s if and only if one of s1,...,sn∈S lies in the same set Q∈P to which s belongs. Thus, U contains the union of finitely many members of P, so as U is an ultrafilter, one of these belongs to U.

On the other hand, alternative (b) says that there is some T∈U such that AP has a linear complement which is of finite codimension in a space containing Tk. This is equivalent to saying that AP ∩ Tk is finite-dimensional. Now if T contains n elements of some Q∈P , then from the definition of AP we see that this contributes a subspace of dimension n–1 to the above intersection; hence T can meet only finitely many members of P in more than one element, and each of those in only finitely many elements. Since U is a nonprincipal ultrafilter, we can discard finitely many elements, and get a set T′∈U which meets every member of P in at most one element.

Thus, the alternatives (a) and (b) lead to the alternatives which define a Ramsey ultrafilter.

Let us now prove the criterion for Uck to be a linear co-ultrafilter. First, assume U is a q-point. Given an arbitrary subspace A ⊆ X, let us write it as the union of a chain of finite-dimensional subspaces (not necessarily all distinct):

{0} = A0 ⊆ A1 ⊆ A2 ⊆ ....

For each i, let Si denote the finite set of elements of S occurring in the support of Ai but not in the supports of earlier terms of the series. If the union of the Si, i.e., the support of A, does not lie in U, then A itself belongs to Uck. In the contrary case, it follows from the assumption that U is a q-point that we can find a subset T of the support of A which belongs to U and meets each Si in at most one element. We claim that Tck+ A = X. Indeed, since Tc contains all members of S not in any of the Si, it suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ces to verify that for i > 0, Tck+ A contains every s∈Si. Assuming inductively that it contains all members of S0,...,Si–1, and recalling that Tc contains all but at most one member of Si, we see that if Tck+ A does not contain s it contains all other members of the support of Ai; but now taking any member of Ai which involves the basis element s, and subtracting a linear combination of the other elements of the support of Ai, we get a nonzero scalar multiple of s, a contradiction. So Tck+ A = X, so some subspace of Tck∈U ck is a linear complement of A, as required.

Finally, suppose Uck is a linear co-ultrafilter, and let P be any partition of S into finite sets. For each Q∈P , let xQ denote the sum in X of the members of Q, and let AP be the space spanned by all these elements. (Thus, AP is the space of those x∈X such that for each Q∈ P, all members of Q have the same coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cient in x.) Now the support of AP is all of S, so AP is not contained in Tk for any proper subset T ⊆ S, in particular, for any T∈U c, so AP ∈ Uck. Hence Uck must contain a linear complement of AP; i.e., there must be some T∈U such that AP + Tck = X. But for each Q∈P , the condition AP + Tck ⊇ Q implies that Tc contains all but at most one element of Q. Hence T∈U meets each Q∈P in at most one element, proving that U is a q-point, and completing the proof of our Proposition. 1

Combining Lemma 16 and Proposition 18, we get

Theorem 19. Assuming the Continuum Hypothesis (or the weaker statement that there exists a Ramsey ultrafilter, respectively, a q-point), a countable-dimensional vector space X over a division ring k has a linear ultrafilter U and a linear co-ultrafilter V such that E(U) and E(V) are isomorphic to proper ultrapowers of the division ring k.

In particular, if k is commutative, E(U) and E(V) are commutative. 1

Remark: In our formulation of the constructions given above, we started with a vector space X and took a basis S thereof; but we could equally well have started with a set S, and formed the vector space X = Sk with this as basis. This viewpoint suggests several variant constructions that might be worth studying. First, given a set S and a nonprincipal ultrafilter U on S, suppose we form the right k-vector-space kS of all k-valued functions on S, and consider the linear filter U generated by the subspaces kT with T∈U (where we identify kT with the space of elements of kS with support in T). Will this, or some filter obtained from it in a natural way, ever be a linear ultrafilter, and if so what properties will its eigenring have? The latter question, at least, seems hard to attack, because the vector space kS does not in general have a basis that can be described explicitly in terms of S, so it is dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cult to describe its general endomorphism. A (slightly) more tractable construction might be the subspace of kS which we will temporarily call k[S] ⊆ kS, consisting of those functions on S that assume only finitely many distinct values in k. (The method of [2] leads to a description of a basis of this space, given a well-ordering of S.) Finally, we can look at factor-spaces such as kS⁄k[S], and k[S]⁄Sk; each of these also has a linear filter induced by U and a linear cofilter induced by Uc. Whether these, or any (co)filters obtained from them, will under some conditions be linear ultrafilters we do not know.

Let us end this section with an example of a dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent sort. We have seen that the rings E(F) are division rings if F is a linear ultrafilter, and in some cases where it is not (Lemma 16, first paragraph). On the other hand, if F = {X}, the least filter on X, then E(F) is the full endomorphism ring of X. The next example shows that a certain pleasant property shared by all these examples is not true of all eigenrings E(F) or E(G).

Example 20. A linear filter F and a linear cofilter G on a vector space X such that E(F) and E(G) are not von Neumann regular.

Construction. Let X be a vector space with a basis S = {si,j} indexed by pairs of natural numbers, and F the filter of subsets of S generated by the subsets

Tm = {si,j ! j≥ m}.

Let g: S → S be defined by

g(si,j) = si,j+i.

This map is continuous with respect to the filter F, hence the linear map f on X that it induces is continuous with respect to the linear filter Fk; moreover, since f is one-to-one, its image in E(Fk) is a left non-zero-divisor. If E(Fk) were von Neumann regular, this would imply that that element had a left inverse, i.e., that there was an element h∈R (Fk) such that hf agreed with the identity on a member of Fk. Now this says that for all suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ciently large j, one would have h(si,j+i) = si,j for all i. But taking such a j, we see that h–1(Tj+1k) would not contain si,j+i for any i, hence would not contain Tj+ik for any i, contradicting the continuity of h.

The construction for cofilters is similar. Briefly, take the same X and F, and define the linear map f′: X → X by letting f′(si,j) = si,j–i if j≥ i, 0 otherwise. This map lies in R((F )ck), and because it is surjective, its image in E((F )ck) is a right non-zero-divisor. If this image had a right inverse, induced by some h′∈ R((F )ck), then for all suf large j, the element h′(si,j) would have to have si,j+i in its support for each i. Thus, h′ could not carry (Tj+1c)k into (Tj+ic)k for any i. 1

4. Eigenrings containing specified extensions of k. We will now obtain some examples contrasting with those of Theorem 19; these will show in particular that if we assume the Continuum Hypothesis, then for k commutative, division rings of the form E(U) and E(V) can be noncommutative. We shall get these examples by taking a countable dimensional vector space X over a finite-dimensional division algebra L over k, regarding X as a k-vector-space, and constructing a k-linear (co)ultrafilter U (respectively, V) on it such that the actions of all elements of L lie in R(U) (respectively, R(V)), and hence have images in E(U) (respectively, E(V)). Observe that when we regard these (right) multiplication operators as k-linear endomorphisms of X, and so write them on the left and compose them accordingly, the subalgebra of Endk(X) that they comprise is isomorphic to Lop, the opposite of the algebra L. Thus, our construction will yield division algebras E(U) and E(V) having subalgebras isomorphic to Lop.

More generally, suppose k is a division ring, and L a division ring containing it. In this case, noncentral members of k, and more generally, elements of L that are not in the centralizer of k do not in a natural way induce k-linear endomorphisms of an L-vector-space X; so what the above technique will show, under appropriate hypotheses, is that E(U) and E(V) can be taken to contain copies of the opposite of the centralizer D of k in L. Observe that no elements of L other than elements of k and of D come into this statement. Thus, in this situation, we may as well replace L by the division ring generated by those two division subrings, in other words, assume that L is generated by k and D. Now under this assumption, observe that if one of [L:k]right and [L:k]left is finite, then L has a k-basis of k-centralizing elements, so these right and left degrees are equal, and we can abbreviate this finiteness condition by simply writing [L:k] < ∞ . With the above points understood, the following observations help to clarify our task.

Lemma 21. Let k ⊆ L be division rings such that L is generated by k and the centralizer D of k in L, and such that [L:k] < ∞ . Let X be a right L-vector-space.

Then for any k-linear ultrafilter U on X, the following conditions are equivalent: (i) The actions of multiplication by all elements of D lie in R(U). (ii) Every member of U contains a nonzero L-subspace of X. (iii) For every k-subspace C ⊆ X which contains no nonzero L-subspace of X, there is an A∈U such that A ∩ C = {0}.

Likewise, for any k-linear co-ultrafilter V on X, the following conditions are equivalent: (i′) The actions of multiplication by all elements of D lie in R(V). (ii′) Every member of V is contained in a proper L-subspace of X. (iii′) For every k-subspace C ⊆ X which spans X as an L-vector-space, there is an A∈V such that A + C = X.

Proof. The hypotheses on L imply that we can find a finite set of elements d1,...,dn of D {0} which span L over k. Thus, given a k-subspace C ⊆ X, the L-subspace that it spans is Σ Cdi, and the largest L-subspace it contains is ∩ di–1(C), where in the latter expression, each di is being regarded as a k-linear operator on X.

From this last fact we immediately get (i)⇒(ii). Conversely, assuming (ii), we see that the subspaces ∩ di–1(A) for A∈U will generate a proper linear filter containing U, hence this filter must equal U, which implies (i). The equivalence of (i′)and (ii′)is gotten in the same way.

The equivalences (ii)⇔(iii) and (ii′)⇔(iii′) follow from the fact that a (co)ultrafilter fails to contain C if and only if it contains a linear complement to C. 1

Thus, to prove the existence of a linear (co)ultrafilter with the above equivalent properties, it will suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ce to construct a linear (co)filter F or G satisfying condition (iii), respectively (iii′),since this condition is preserved under enlarging F or G. We will do this, under appropriate hypotheses, by a double recursion, with one recursion indexed by ℵ 0 and the other by ℵ 1. Let us start with the former.

Lemma 22. Let k, L and X be as in the first paragraph of the preceding Lemma.

Suppose F is a countably generated filter of infinite-dimensional L-subspaces of X, and C a k-subspace of X containing no nontrivial L-subpace. Then there exists an L-subspace B ⊆ X such that B∩ C = {0}, and such that every member of the L-linear filter F∨ {B} is still infinite-dimensional.

Likewise, assuming X countable-dimensional, if G is a countably generated cofilter of L-subspaces of X all members of which have infinite codimension in X, and C a k-subspace of X which spans X as an L-vector-space, then there exists an L-subspace B ⊆ X such that B+ C = X, and such that every member of the L-linear cofilter G∨ {B} still has infinite codimension in X.

Proof. To get the first assertion, note that since F is countably generated, it is generated by a descending chain indexed by the natural numbers, A0 ⊇ A1 ⊇ ... (cf. end of second paragraph of proof of Lemma 13). We claim we can find elements b0∈A0, b1∈A1, ... such that no nontrivial L-linear combination of these elements lies in C. Indeed, assume inductively that b0,...,bi–1 have been so chosen, and let us write Bi–1 for the L-subspace of X which they span. Now note that if Ai ∩ C had finite codimension in Ai, it would contain an L-subspace also of finite codimension therein (cf. first paragraph of proof of the preceding Lemma). But since C contains no nontrivial L-subspace, and Ai is infinitedimensional, this is not so, i.e., Ai ∩ C has infinite codimension in Ai. Hence (Ai ∩ C)+Bi–1 has infinite codimension in Ai + Bi–1. Intersecting with Ai (which has finite codimension in the latter space) and using the modular law, we conclude that Ai ∩ (C+Bi–1) has infinite codimension in Ai. Hence by Lemma 14 there exists a nonzero element bi ∈Ai such that biL has trivial intersection with Ai ∩ (C+Bi–1), equivalently, has trivial intersection with C+Bi–1. This is the property required for our recursive construction of the bi’s. The space B spanned by all these elements is easily seen to have the desired properties.

The proof of the second assertion will be similar, but there is an additional complication. In the above argument, we ‘‘built B up’’ step by step; in this dual situation, we will obtain it as an intersection of a descending chain. However, though it is clear that if each member of an ascending chain has trivial intersection with a subspace C, so will the union, it is not true that if each member of a descending chain has the property that its sum with C is all of X, the same will be true of the intersection. Hence, to guarantee this property, we will have to select, at successive stages of our construction, elements bi which we will require never to be dropped at subsequent stages, and which together will span X over C. It is to make this possible that we require X to be countable-dimensional.

Let us begin. Since the cofilter G is countably generated, it has a generating chain A0 ⊆ A1 ⊆ .... Let S = {s0, s1, ...} be a basis for X over L. We shall now construct a sequence of L-linear functionals fi : X → L, and a sequence of elements bi ∈X, such that for all i and j, the following conditions hold:

(2) bi – si ∈C .

(3) fi(Ai) = 0.

(4) fj(bi) = 0.

(5) The k-linear map (f0,...,fi): C → Li+1 is surjective.

Assume inductively that f0,..., fi–1 and b0,...,bi–1 have been found such that all cases of (2)-(5) involving only those elements hold. Then the ‘‘i–1’’ case of (5) implies that there exists an element ci ∈C such that

(f0,...,fi–1)(ci) = –(f0,...,fi–1)(si).

Let bi = ci + si . Thus we have condition (2) for this value of i, and (4) for this value of i and all j< i. We now wish to choose fi so as to satisfy all cases of (3), (4) and (5) involving fi and the b’s selected so far. This is equivalent to finding an L-linear functional on X⁄(Ai + {b0,...,bi}L) which, when restricted to the image in that space of the kernel of the map

(6) (f0,...,fi–1): C → Li,

is a surjective map to L. Now by Lemma 14, this will certainly be possible if the kernel of (6) has infinite-dimensional image in X⁄(Ai + {b0,...,bi}L), and this in turn will be true if C has infinite-dimensional image in X⁄Ai. But since C spans X as an L-vector-space, its image in X⁄Ai spans that space (which by hypothesis is infinite-dimensional) as an L-vector-space, and it could not do this if it were finite-dimensional over k. This completes our recursive construction of the fi and bi.

Now let B be the intersection of the kernels of the fi ; thus, by (4), B contains all bi, so by (2), B+ C = X. By (5), the functionals fi are left L-linearly independent, hence, as each of the spaces Ai is contained in all but finitely many of the others, and so is annihilated by infinitely many of the fi, the latter is also true of the spaces Ai + B, so these have infinite codimension in X. Thus, F∨ {B} is a cofilter of spaces of infinite codimension, completing the proof of the Lemma. 1

The recursion over ℵ 1 is now easy!

Corollary 23. Let k, L and X be as in the preceding two Lemmas.

Suppose F0 is a countably generated L-linear filter on X such that every member of F0 is infinite-dimensional, and {Cβ ! β ∈ ω1} is a family of ≤ ℵ 1 k-subspaces of X, none of which contains a nontrivial L-subpace. Then F0 is contained in a nonprincipal k-linear ultrafilter U which contains none of the Cβ.

Likewise, assuming X countable-dimensiona l, if G0 is a countably generated L-linear cofilter on X such that every member of G0 has infinite codimen sion in X, and {Cβ ! β ∈ω1} a family of ≤ ℵ 1 k-subspaces of X, each of which spans X over L, then G0 is contained in a nonprincipal k-linear co-ultrafilter V which contains none of the Cβ.

Proo f. In the first case, a transfin ite recursive application of the prece ding Lemma indexed by ω1, the first uncountable ordinal, yields an L-linear filter which consists of infinite-dimensional subspaces of X, and which for every β ∈ω1 contains a space having zero intersection with Cβ . If we adjoin to this filter all L-subspaces of finite codimension in X, and extend the resulting proper L-linear filter to a k-linear ultrafilter U, we see that U will be nonprinc ipal, and cannot contain any of the Cβ . The second statement is deduced in the same way. 1

We can now deduce the main result of this section.

Theorem 24. Let k ⊆ L be count able division rings such that L is generated over k by the centralizer of k in L, which we shall denote D, and such that [L : k] < ∞ . Let X be a countably infinite-dimensional right k-vector-space.

Then assuming the Continuum Hypothesis, there exist a k-linear ultrafilter U and a k-linear co-ultrafilter V on X such that the division rings E(U) and E(V) have division subrings isomorphic to Dop.

In fact, under the above hypotheses, given any right L-vector-space structure on X extending the k-vector-space structure, and any countably generated L-linear filter F0 on X consisting of infinite-dimensional subspaces, there exists a k-linear ultrafilter U which contains F0, and such that the actions of all members of D on X are continuous with respect to U, thus yielding an embedding Dop → E(U); and the analogous statement holds for cofilters.

Proof. We shall prove the assertion of the final paragraph.

Since k is countable, so is X, hence it has at most 2ℵ 0 subsets, in particular at most 2ℵ 0 k-subspaces, hence assuming the Continuum Hypothesis, at most ℵ 1 such subspaces. Hence we can index by ℵ 1 the set of those k-subspaces of X which contain no nonzero L-subspace, and apply Corollary 23. An application of Lemma 21 now gives the desired result. The ‘‘cofilters’’ case is exactly parallel. 1

One may ask whether the technique used above doesn’t prove too much. For instance, if k is a field, and L a finite-dimensional simple k-algebra that is not a division algebra, what is to stop us from arguing, in the same way, that there must be a k-linear ultrafilter U and a k-linear co-ultrafilter V with E(U) and E(V) having subalgebras isomorphic to Lop – though we know by Proposition 6 that this is impossible? The answer is that Lemma 14 is only true for L a division ring. To see how it fails when L is the 2× 2 matrix ring M2(k), let X0 be any infinite-dimensional k-vector-space, and let X = X0 2+ X0, regarded as consisting of length-2 row vectors of elements of X, on which we let M2(k) act on the right in the obvious manner. Then the k-subspace C = X0 2+ {0} is infinitedimensional, but its image under every right L-module homomorphism X → L consists of matrices with second column zero. Likewise, it has infinite k-codimension in X, but has nonzero intersection with every nonzero L-submodule of X.

One might also ask whether our approach of turning the right D-vector-space structure of our right L-vector space X into an action of Dop by k-vector-space endomorphisms isn’t unnecessarily roundabout. Couldn’t we have started by representing X as a direct sum of copies of L, then found a k-linear (co)ultrafilter with respect to which left multiplication by all members of L was continuous, thus getting examples with L ⊆ E(U)? The dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath culty here is that the combination of left and right L-vector-space structures would be equivalent to an Lop2×k 0 L-module structure on X, where k0 is the center of L, and since Lop2×k 0 L is not in general a division ring, the linear algebra involved would have been more complicated. Indeed, since such tensor product algebras are typically matrix rings over division rings, it appears that such an approach would run into the dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath culties discussed in the preceding paragraph. Thus, if a construction along these lines is possible, it probably has to be rather dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent from the one we gave.

On another topic, recall that the proof of our Theorem involved moving between L-linear and k-linear (co)filters on X. Let us look at a couple of related questions. If k ⊆ L are fields, or more generally, division rings, with 1 < [L:k]right < ∞ , and U is any L-linear ultrafilter on a right L-vector-space X, then we may look at the k-linear filter Uk on X that U generates, and ask whether this will in general be a k-linear ultrafilter. In the case where U is a principal ultrafilter, hence generated by a subspace xL ⊆ X of dimension 1, the answer is no: just as E(U) can be identified with EndL(xL) =∼ L, so E(Uk) is isomorphic to Endk(xL), which is the matrix ring M[L:k] right

(k), and not a division ring; so Uk cannot be a linear ultrafilter. It is also not hard to verify that if U = UL+ C where U is a Ramsey ultrafilter on a basis S of X (assumed countabledimensional), then the k-subspace Sk ⊆ X neither belongs to the k-linear filter Uk generated by U, nor has a linear complement in Uk, so in this case also, Uk is not a linear ultrafilter.

There is a reverse construction. If F is a k-linear filter on a k-vector-space X, it clearly induces an L-linear filter F 2×kL on X 2×kL. If U is a k-linear ultrafilter, will U 2×kL in general be an L-linear ultrafilter? If U is principal, it is easy to see that it will. But in the nonprincipal case, the construction of Theorem 24 (under the set-theoretic hypothesis of that Theorem) leads to examples where it is not. Indeed, let the k of that Theorem be a field, and the L a finitedimensional division algebra over k. Then we find that for any k-linear filter F, E(F 2×kL) =∼ E(F) 2×kL. Hence if we choose U as in that Theorem so that E(U) contains a copy of Lop, then E(U 2×kL) will contain a copy of Lop 2×kL, which in general has zero divisors, so that E(U 2×kL) cannot be a division ring, and U 2×kL cannot be an L-linear ultrafilter.

Above, we took k to be a field and L to be a k-algebra. We remark that unless L is at least assumed to be spanned over k by k-centralizing elements, it seems curiously dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cult to describe E(F 2×kL) in terms of E(F), or, for that matter, EndL(X 2×kL) in terms of Endk(X).

Without set-theoretic hypotheses such as the Continuum Hypothesis or the existence of Ramsey ultrafilters, we do not know whether the above constructions U → Uk and U → U 2×kL ever take nonprincipal linear ultrafilters over one field or division ring to linear ultrafilters over the other, or ever fail to.

In introducing the concept of linear ultrafilter, we noted the analogy with settheoretic ultrafilters. Now set-theoretic ultrafilters are of great importance because they allow the construction of ultraproducts and ultrapowers, which preserve firstorder properties holding ‘‘almost everywhere’’ with respect to the ultrafilter [9, Cor. 11.6], [6, §V.5]. It is natural to ask whether linear ultrafilters have a similar property; but it is not clear what an ultraproduct or ultrapower with respect to a linear ultrafilter U might mean. It would seem that E(U) should at least have the role of the ‘‘ultrapower’’ of k; and it does at least inherit from k the property of being a division ring; but we have seen that it need not inherit such basic properties as being commutative. So if there is a wide class of properties that carry over from the base rings to these eigenrings, it must be rather subtle.

We have obtained above the main results of this note. The next two sections are short tangential discussions. The final three sections look at filters and cofilters of submodules of a module X over a general ring R, and show that, after some non-obvious adjustment, one can again obtain division rings from structures corresponding to linear ultrafilters and co-ultrafilters.

5. On filters, cofilters, and iterated duals. Hales [11] has noted that the double dual X** of a vector space X can also be regarded as a linear analog of the set β(S) of ultrafilters on a set S. Indeed, the natural map S → β(S) is the universal map of the discrete space S into a compact Hausdorf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath space (its Stone-Čech compactification), while the map X → X** is the universal map of the discrete vector space X into a vector space with a linearly compact topology.

There appear to be some connections between the objects studied in [11] and in the present note. Suppose that for every subspace A ⊆ X we identify A** with its image in X** under the embedding A** → X** induced by the inclusion A → X. Then one can show that for λ ∈X**, the set of subspaces A ⊆ X such that λ ∈A** is a linear filter Fλ . If 0 ≠ λ ∈X ⊆ X**, then Fλ is the principal linear ultrafilter gen erated by λ k ⊆ X. When λ ∈X** X, one might expect Fλ to be a nonprincipal linea r ultrafilter. But this is never so; for we can find an element h ∈X * which is not annihilated by λ , and we see that ker(h) will not belong to Fλ , so Fλ does not contain all subspaces of X of finite codim ension. It would nevertheless be interesting to examine the eigenr ings E(Fλ ).

If U is a set-theoretic ultrafilter on a basis S of X, and the division ring k is a finite field, Hales notes a construction of an element λ (U)∈X ** from U. In this case, one finds that Fλ (U) = Uk; hence if U is a Ramsey ultrafilter and λ = λ (U), Proposition 18 above shows that Fλ ∨ C is a linear ultrafilter. We do not know whether there are any other sorts of elements λ ∈X ** for which this is true.

(In [12], the results of [11] are applied in the case where k is a prime field Z/p Z to obtain invariants of infinite abelian p-groups.)

Let us also observe that if B is any subspace of X**, then the subspaces A ⊆ X such that A** ⊆ B form a linear cofilter GB on X. This cofilter will contain all finite-dimensional subspaces of X if and only if B contains the image of X in X**; so when this inclusion holds, it is plausible that GB might be a nonprincipal linear co-ultrafilter. The case where this seems most likely to be so is when B is also maximal among proper subspaces of X**. Maximal proper subspaces B ⊆ X** correspond bijectively to 1-dimensional subspaces μk ⊆ X***, and in this situation B will contain the image of X if and only if μ lies in the annihilator of that image, which is a canonical linear complement of the image of X* in X***. So linear co-ultrafilters on X may correspond to some or all members of this linear complement. In any case, the map described above from subspaces of X** to linear cofilters on X, together with the map the other way, taking each linear cofilter G to the subspace ∪ A∈G A** (which together constitute a Galois connection), seem worthy of investigation.

The observations of the above paragraph also suggest that linear ultrafilters may be related to elements of X**** rather than, or in addition to, elements of X**. We leave these ideas for others to investigate.

6. Non-linear analogs of the eigenring. Given a filter F of subsets of a set S, we may call a map f: S → S ‘‘continuous with respect to F ’’ if inverse images under f of members of F belong to F. Such maps form a semigroup with 1 (a monoid) R(F ), and we may write E(F ) for the factor-semigroup of R(F ) by the congruence that identifies two such maps if they agree on a member of F. Proposition 6 suggests that for U a set-theoretic ultrafilter, E(U) should be a group. It is, but not a very interesting one:

Lemma 25. If U is an ultrafilter on a set S, then E(U), defined as above, is the trivial group.

Proof. Let f ∈R (U). By Lemma 12, either the fixed set of f belongs to U, or there is a T∈U which is disjoint from f(T). In the latter case, U would contain f–1(T)∩ T = ∅, a contradiction, therefore the former condition holds, hence the image of f in E(U) is the identity. 1

We might hope to get more interesting groups by generalizing our context from the Boolean ring of subsets of a set S to a general Boolean ring B; here the natural generalization of an ultrafilter on S is the complement mc of a maximal ideal m of B, and the analogs of set-maps f : S → S are endomorphisms of B. But this context is too general: if m is such a maximal ideal, the semigroup E(mc) need not be a group. For instance, suppose B is the Boolean ring of all finite and cofinite subsets of the natural numbers ω, and m the ideal of finite subsets of ω. The endomorphisms of B ‘‘continuous with respect to mc’’ correspond to the maps f : ω → ω such that the inverse image under f of every singleton is finite, and the semigroup E(mc) consists of the ‘‘germs at ∞ ’’ of such maps. To see that this semigroup is not a group, note that it contains the nonidentity idempotent arising from the map f that fixes every even integer, and adds 1 to every odd integer.

Whether there are intermediate degrees of generality which lead to theories that look more like what we have for linear ultrafilters, we leave for the interested reader to investigate.

7. General ization to module categories. If X is a right module over a ring k, one may define filters, cofilters, ultrafilters and co-ultrafilters of submodules of X, and the associated rings R(F), R(G), etc., as above. However, the factor-rings E(U) = R(U) ⁄I(U) and E(V) = R(V) ⁄I(V) will generally not be division rings for U an ultrafilter or V a co-ultrafilter. The fact which we used about vector spaces that fails for modules over general rings is that every subspace has a linear complement. (Cf. third sentence of proof of Proposition 6.)

However, we shall see below that we can get division rings from such ultrafilters and co-ultrafilters using a more subtle generalization of the construction of the preceding sections. We shall develop these results below in the still more general context of modules given with both a filter and a cofilter. (This set-up could be generalized still further by replacing our module categories by arbitrary abelian categories.)

Definition 26. For the remainder of this note, R will be a fixed ring.

A filter F of submodules of a right R-module X (briefly, a ‘‘filter on X’’) will mean a nonempty family of submodules of X that is closed under pairwise intersections and under passing to larger submodules, while a cofilter G of submodules will mean a nonempty family closed under pairwise sums and under passing to smaller submodules.

If X is a right R-module and A a submodule, then for any filter F or cofilter G on X, we shall denote by FA, respectively GA, the filter or cofilter of submodules of A gotten by intersecting the submodule A with all members of F, respectively, with all members of G. Likewise, we will write FX⁄A, respectively GX⁄A for the filter or cofilter of images in X⁄A of members of F, respectively G.

(That FA is closed under pairwise intersections is immediate. To verify that it is closed under passing to larger submodules, suppose B∈ F, and C is any submodule of A containing B∩ A∈ FA. Then FA also contains (B+ C)∩ A = C. Thus, FA is a filter on A, as claimed. That GA is a cofilter on A follows directly from the fact that it can be described as the set of those members of G that are submodules of A. Dual observations show that FX⁄A and GX⁄A are likewise filter and cofilter.)

We shall now construct a category having for objects all 3-tuples (X, F, G), where X is a right R-module, F a filter, and G a cofilter on X. Given two such objects (X, F, G) and (Y,F′,G′), let us define a premorphism f : (X, F, G) → (Y, F′,G′) to mean a module homomorphism f from a submodule Xf ∈F to a factor-module Y⁄Yf with Yf∈G ′, such that the inverse image under f of every member of F′Y⁄Yf lies in FX f , and the image under f of every of every member of GX f lies in G′Y⁄Yf. We shall call two premorphisms f, g:

(X, F, G) → (Y,F′,G′) equivalent, written f ~ g, if there exist A∈F contained in Xf ∩ Xg and B ∈ G′ containing Yf+ Yg, such that on composing f and g on the right with the inclusion maps from A to Xf and Xg respectively, and on the left with the canonical maps from Y⁄Yf and Y⁄Yg to Y⁄B respectively, we get the same map A → Y⁄B.

Recall that for any sets X and Y, a ‘‘relation r : X → Y’’ means a subset r ⊆ X× Y, and that the composite of this with a relation s: Y→ Z is defined in a way generalizing the definition of composition of functions, namely,

sr = {(x,z) ! (∃y∈Y ) (x,y)∈r , (y,z)∈s }.

It is well-known (and easily checked) that composition of relations is associative.

Now to every premorphism f : (X, F, G) → (Y, F′, G′) let us associate the relation frel defined by

frel = {(x,y)∈X × Y! x∈Xf and f(x) = q(y)},

where q: Y→ Y⁄Yf is the canonical surjection. It is not hard to see that a subset r ⊆ X× Y is of the form frel for some premorphism f as above if and only if (i) r is a submodule of X× Y, (ii) for every A∈F ′, the projection of (X× A)∩ r on X is a member of F, and (iii) for every A∈G , the projection of (A× Y)∩ r on Y is a member of G′. In this situation, we see that frel uniquely determines Xf, Yf, and f. It is

also not hard to verify that given premorphisms (X, F, G) __ f → (Y, F′,G′)__ g → (Z, F′′,G′′), the composite relation grel frel also satisfies (i)-(iii) above, hence has the form (gf)rel for a premorphism gf : (X, F, G) → (Z, F′′,G′′) (which one can write down explicitly). We find that this composition of premorphisms respects our equivalence relation ~ ; thus we can make

Definition 27. We shall denote by (ModR)filt+cofilt the category having for objects all 3-tuples (X, F, G) where X is a right R-module, F a filter of submodules of X, and G a cofilter of submodules of X, having for morphisms (X, F, G) → (Y, F′, G′) the equivalence classes [f] of premorphisms f between these objects under the equivalence relation ~ defined above, and having for composition of morphisms the operation induced by composition of the corresponding relations frel.

The additive structure on homomorphisms among R-modules also extends to premorphisms. Given premorphisms f,g: (X, F, G) → (Y, F′, G′), we define f + g to be the premorphism satisfying

( f + g)rel = {(x,y+ y′)! (x,y)∈frel, (x,y′)∈g rel}.

For each A∈F , B∈G , this operation makes the set of premorphisms with domain A and codomain Y⁄B an abelian group (a subgroup of ModR(A, Y⁄B)). Though the set of all premorphisms (X, F, G) → (Y, F′, G′), i.e., the union of these groups, is only a semigroup under +, when we divide out by the equivalence relation ~ to get the desired hom-set in (ModR)filt+cofilt, we again get a group, which can be described as the direct limit of the above groups of premorphisms over the directed ordered set F op× G. Note that a morphism [f] is zero in this group if and only if the image under f of some member of F is a member of G′.

Let us observe that every right R-module X has a least filter of submodules, the singleton {X}, and a least cofilter of submodules, the singleton {{0}}. This leads to three natural subcategories of (ModR)filt+cofilt: We shall denote by (ModR)filt the full subcategory of all objects of the form (X, F, {{0}}), and by (ModR)cofilt the full subcategory of all objects of the form (X, {X}, G), while we note that the full subcategory of all objects of the form (X, {X}, {{0}}) can be identified with

ModR itself. (When working extensively with these subcategories, it would, of course, be natural to abbreviate (X, F, {{0}}) to (X, F), and (X, {X}, G) to (X, G). But as our main focus here will be on (ModR)filt+cofilt, we shall not use those abbreviations.)

It is not hard to see that if F is a filter or G a cofilter on X, then the ring E(F) or E(G), defined formally exactly as in §1, can be identified with the subring of End(X, F, {{0}}) or End(X, {X}, G) consisting of those morphisms that can be represented by premorphisms with X itself as domain and codomain (i.e., with Xf = X, respectively Xf = {0}). In the special case where R is a division ring, the fact that any subspace Xf or Xf has a linear complement in X allows one to extend any premorphism f : (X, F, G) → (X, F, G) to an endomorphism of X itself, and hence to conclude that this subring is the full endomorphism ring of our object. But this is not true for general R.

Let us record a few easy observations. Given any object (X, F, G) of (ModR)filt+cofilt and any A∈F , the inclusion of A in X is easily seen to be a premorphism, which yields an isomorphism

(7) (A, FA, GA) ~→ (X, F, G).

In the same way, for any B ∈G , we get a natural isomorphism

(8) (X, F, G) ~→ (X⁄B, FX⁄B, GX⁄B).

A recurring technique below will be to compose a given morphism on the right or the left with such isomorphisms or their inverses, so as to bring it to a more convenient form.

Note that in the situation of (7), if the given filter F is principal, with generator A, then we have FA = {A}, so that (X, F, G) is isomorphic to an object of (ModR)cofilt, namely (A, {A}, GA). Similarly, if G is principal with generator B, then (8) shows that (X, F, G) is isomorphic to (X⁄B, FX⁄B, {{0}}), an object of (ModR)filt.

The object ({0},{{0}}, {{0}}) is easily seen to be a ‘‘zero object’’ (initial-final object) of (ModR)filt+cofilt. Calling this object ‘‘0’’, we find that a general object (X, F, G) is isomorphic to 0 if and only if F∩ G ≠ ∅. (If that intersection is nonempty, then the identity endomorphism of (X, F, G) is equal to the zero map, since it takes a member of F to a member of G; hence the unique maps (X, F, G) →← 0 are inverses. The converse is seen similarly.) Thus we shall call (X, F, G) a ‘‘nonzero object’’ if F and G are disjoint.

Given two filters F and F′ and two cofilters G and G′ on a module X, the identity map 1X: X → X is a premorphism (X, F, G) → (X, F′,G′) if and only if F ⊇ F′ and G ⊆ G′. If F = F′ and G = G′, then the resulting morphism [1X] is an identity morphism of our category, hence invertible. In the general case, [1X] may or may not be invertible. (It can be invertible without its inverse arising from 1X. For instance, take any nonzero X, and let ∗ denote the set of all submodules of X; this is both a filter and a cofilter. Then it is easy to see that 1X is a premorphism (X, ∗, {X}) → (X, {{0}}, ∗), but that the only premorphism going the other way is the zero map X → X. But since (X, ∗, {X}) and (X, {{0}}, ∗) are both zero objects, the morphism induced by that premorphism is indeed inverse to [1X].)

It is clear from Zorn’s Lemma that given any nonzero object (X, F, G), we can find a filter F′⊇ F and a cofilter G′⊇ G maximal for the property of being disjoint, i.e., for the property that (X, F′, G′) is nonzero. Likewise, given any nonzero object (X, F, {{0}}) of (ModR)filt we can find a maximal proper filter F′⊇ F, and given any nonzero object (X, {X}, G) of (ModR)cofilt we can find a maximal proper cofilter G′⊇ G. We shall now show that in each of these cases, the resulting object (X, F′, G′), respectively (X, F′, {{0}}), respectively (X, {X}, G′) has for its endomorphism ring a division ring. Note that the latter two cases are not instances of the first case. For instance, if F is a maximal proper filter on X, i.e., a maximal filter disjoint from the cofilter {{0}}, then the latter cofilter need not be maximal among cofilters disjoint from F. Indeed, if U is a nonprincipal linear ultrafilter on a vector space, then the set of finitedimensional subspaces is a cofilter disjoint from U, and strictly larger than {{0}}.

We will get the above assertions on division rings of endomorphisms as instances of more general conditions for the invertibility of a morphism

(9) [f]: (X, F, G) → (Y,F′,G′)

in (ModR)filt+cofilt. Let us begin with the hardest case.

Lemma 28. If, in (9), G is maximal among cofilters disjoint from F, and F′ is maximal among filters disjoint from G′, then [f] is either zero or invertible.

Proof. It is not hard to verify that the condition that the third component of (X, F, G) is maximal among cofilters disjoint from the second component is inherited by all of the (isomorphic) objects (A, FA, GA) for A∈F , and (X⁄B, FX⁄B, GX⁄B) for B ∈G ; and the analogous statement is true for the maximality condition on the second component of (Y, F′, G′). Thus, precomposing (9) with the isomorphism (7) with A = Xf, and postcomposing it with the isomorphism (8) with B = Yf, we are reduced to the case where Xf = X and Yf = {0}, i.e., where the premorphism f is a module homomorphism X → Y.

Suppose now that ker(f)∈ G. Then by our maximality assumption on G, the cofilter G∨ {ker(f)} is not disjoint from F; i.e., there is some B ∈G such that ker(f)+B∈F . Now f applied to this sum gives f(B), which belongs to G′. Thus f carries a member of F to a member of G′, so [f] = 0.

So we may assume ker(f)∈G . Thus, replacing X by X⁄ker(f) (i.e., factoring out of (9) an isomorphism (8) with B = ker(f)) we may assume f oneto-one; hence, making an identification, we may assume that X ⊆ Y and that f is the inclusion map. Note that the fact that this inclusion is a premorphism says that

(10) F ⊇ F′X and G ⊆ G′.

Now suppose that X∈ F′. Then by our maximality assumption on F′, the filter F′∨ {X} is not disjoint from G′; i.e., there is some A∈F ′ such that X∩ A∈G ′. But X∩ A∈F ′X ⊆ F, so again our premorphism f carries a member of F to a member of G′, giving [f] = 0.

So we are now reduced to the case X∈F ′, and replacing Y by this submodule (i.e., factoring out an isomorphism (7)), we may assume X = Y.

Now if F and G′ are not disjoint, we once again have [f] = 0, so assume they are. Then (10) and our maximality hypotheses imply that F = F′ and G = G′. So we have reduced ourselves to the case where f is an identity morphism in (ModR)filt+cofilt, hence invertible. 1

Lemma 29. If, in (9), F = {X}, while G and G′ are maximal among cofilters disjoint from F and F′ respectively, then [f] is either zero or invertible.

Proof. The proof of the preceding Lemma remains valid through (10), since maximality of F′ was not used through that point. Thus we may again assume f is the inclusion of a submodule X in the module Y.

However, before going through that argument, let us note that if f(Xf)∈G ′, then [f] = 0 and we are done. Thus we may assume the contrary; so maximality of G′ (the new hypothesis in the present situation) implies that for some B ∈G ′ we have f(Xf)+B ∈F ′. Hence, let us begin by replacing Y by Y⁄B for this B, leading to the condition f(Xf)∈F ′, and then go through the above reduction. Thus, when we are finished with this reduction, we have not only that X ⊆ Y, but also that X∈F ′. Thus, we may replace Y by its submodule X, i.e., we may assume X = Y.

Now since F is the least cofilter on X, the first inclusion of (10) forces F′= F. The second inclusion and the maximality of G then give G′= G. So we have again reduced to the case where [f] is an identity morphism. 1

The dual argument yields

Lemma 30. If, in (9), G′= {{0}}, and F and F′ are maximal among filters disjoint from G and G′ respectively, then [f] is either zero or invertible. 1

We can now apply the above three results to endomorphism rings. (Curiously, though the statements (i)-(iii) in the next Theorem are not cases of one another, statement (iv) is a case of all of (i)-(iii).)

Theorem 31. The endomorphism ring of an object (X, F, G) of (ModR)filt+cofilt is a division ring in each of the following cases: (i) If F is maximal among filters disjoint from G, and G is maximal among filters disjoint from F. (ii) If G = {{0}}, and F is maximal among proper filters on X. (iii) If F = {X}, and G is maximal among proper cofilters on X. (iv) If F = {X}, G = {{0}}, and X is a simple object of ModR. 1

8. Some examples. The construction of nonprincipal linear ultrafilters and coultrafilters on a vector space, studied in the first part of this note, required Zorn’s Lemma. But there are interesting examples in our more general module-theoretic framework that are quite explicit.

Example 32. Fields and division rings of fractions. Suppose R is a commutative integral domain, or more generally, a right Ore domain [8, §1.3]. Let us consider R as a right module over itself, and let F be the set of all its nonzero right ideals. The Ore condition insures that F is closed under intersections, hence is a filter, and by definition it is maximal among proper filters of submodules; hence End((X, F, {{0}})) is a division ring. What does this ring look like?

Given any element

[f]: (R, F, {{0}}) → (R, F, {{0}})

of this ring, the representing premorphism f will be a module homomorphism from a nonzero right ideal of R into R. Restricting if necessary to a subideal of its domain Rf, we can assume without loss of generality that Rf is a principal right ideal sR (s∈R {0}). Let f carry the generator s of this ideal to a ∈ R; then it carries each element sx to ax; it can thus be regarded as ‘‘formal left multiplication by as–1’’.

Conversely, for any a ∈R and s∈R {0}, we claim that the module homomorphism sR → R taking s to a is a pre-endomorphism of (R, F, {{0}}). The one non-obvious verification is that this map is continuous with respect to F. Given any nonzero right ideal of R, without loss of generality a principal right ideal tR, we need to know that its inverse image under our homomorphism is nonzero; i.e., that the equation tx = ay has nonzero solutions (x,y); but this follows from the right Ore assumption on R. If, as above, we denote this premorphism by as–1, then it is not hard to verify that our equivalence relation among premorphisms corresponds to the equivalence relation on symbols as–1 used in defining the division ring of right fractions of R, and that the ring structure of End((R, F, {{0}})) is precisely that of this division ring.

Note that if, in the above situation, we define R(F) and I(F), as in §1, to consist of endomorphisms of the whole right module R that are continuous, respectively trivial, with respect to F, then R(F) =∼ R and I(F) = {0}, so that E(F) = R(F) ⁄I(F) =∼ R; that is, E(F) is the canonical copy of R within its division ring of fractions.

Example 33. Localization with respect to Ore denominator sets. Suppose, more generally, that we take a ring R and a set S of elements of R, and let F denote the set of those right ideals of R that contain at least one member of S. When will this be a filter, and when can the endomorphism ring of the corresponding object of (ModR)filt be regarded as a ‘‘localization of R’’?

The condition for F to be a filter is clearly that every two elements of S have a common right multiple in S. If we are to consider the endomorphism ring of our object to be a localization of R, then we would like to map R into it by sending each a ∈R to the right R-module endomorphism of R given by left multiplication by a; so we want this to be continuous with respect to F; i.e., the inverse image of each sR (s∈S ) under left multiplication by a should contain some s′R

(s′∈S ). In other words, for every s∈S and a ∈R there should exist s′∈S and a′∈R such that sa′= as′. This is called the ‘‘right Ore condition’’ on S ⊆ R [8, p.15, (D.2)].

Let us assume now that the elements of S are all left non-zero-divisors. Then for each s∈S we have a module homomorphism sR → R taking s to 1, and we would like these to be premorphisms with respect to F, representing elements ‘‘s–1’’. It is easy to check that these maps are premorphisms if and only if for all s, s′∈S , the set S contains a right multiple of ss′. But as far as the ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ect on our filter F is concerned, this is equivalent to requiring S to contain ss′ itself, i.e., to requiring S to be a multiplicative semigroup. This is condition (D.1) of [8, p.15], and together with condition (D.2) assumed above, and our assumption that S consists of left non-zero-divisors (which vacuously gives the condition (D.3), op.cit.), this makes S a right denominator set [8, p.16]. Note, moreover, that if for s0, s1∈S we apply (D.2) with these elements as a and s, then (D.1) tells us that the common value of the two sides of the equation given by (D.2) lies in S. This yields the one other condition we assumed above, namely that every two members of S have a common right multiple also in S. Thus, we do not have to assume that separately.

For S satisfying these conditions, End((R, F, {{0}})) is precisely the classical ring of right fractions RS–1.

(What if we don’t exclude left zero-divisors from S? If s∈S is a left zerodivisor, we do not in general have a right module homomorphism sR → R taking s to 1; instead, we get a homomorphism sR → R⁄Annright(s), where Annright(s) denotes the right annihilator of s. This suggests that we should define a cofilter G containing these right annihilator ideals, and look at the endomorphism ring of (R, F, G). However, to make the operations of left multiplication by elements a ∈R premorphisms, we must also require G to contain all product ideals a Annright(s); and to obtain the other required conditions, still more assumptions must be added, making this approach awkward. Note, however, that the premorphism of left multiplication by a is equivalent to zero if it annihilates a member of F, i.e., if a lies in Annleft(s) for some s∈S . The right Ore condition and the multiplicative closure assumption guarantee that the these left annihilator ideals form a directed system, whose union is a 2-sided ideal I. The general Ore localization construction given in [8] uses one further assumption, (D.3), namely that every right annihilator ideal Annright(s) is contained in that ideal I; the construction is then equivalent to that of End((R, F, G)) where G is the principal cofilter generated by I. This is equivalent to the construction of the preceding paragraph, performed over the ring R⁄I, in which the image of S consists of non-zero-divisors.)

Another classical construction over an arbitrary ring R which is equivalent to that of the endomorphism ring of an appropriate object (R, F, {{0}}) is that of the maximal ring of quotients of R; here F is the filter of all dense right ideals of R. This characterization of that construction can be deduced from statements ii-iv of [17, Theorem 24.8].

32 BERGMAN AND HRUSHOVSKI What about endomorphism rings of objects (X, {X}, G) determined by cofilters G? There are no nontrivial examples with X Noetherian, since in a Noetherian module, every cofilter of right ideals will have a maximal element, and so be principal. Let us therefore look at one of the simplest examples of a non- Noetherian module over a familiar ring.

Example 34. Some p-adics. Let R = Z, let p be a prime, and consider the Z-module (abelian group) Zp∞ , i.e., the p -torsion part of Q ⁄Z . The prop er

submodules of Zp∞ are the finite abelia n group s Zpn, which form an ascending chain; this chain con stitutes the unique nonprincipal cofilter of submodules of Zp∞ , and is clearly a maximal proper co filter; let us call it G .

Every endomorp hism of Zp∞ carries G into itself, and no nonzero endomorph ism is trivial with respect to G ; hence the ring E (G ) is just the endomorph ism ring of Zp∞ , which is the ring of p-adic integers . A general element of End((Z p∞ , {Zp∞ }, G )), represented by a premorphism Zp∞ → Zp∞ ⁄Zpn, is essentially p –n times an endomorph ism of Zp∞ , so End((Z p∞ , {Zp∞ }, G )) can be identified with the field of p-ad ic rationals .

9. Three remarks, and an unused lemma.

Remark 35. A couple of concepts from the literature. In the study of torsion theories on R-mo dules [10 ], one considers filters of two-sided ideals of R. Such filters are equivalent to filters F of right ideal s that are generated by the two-sided ideals they contain; hence they yield objects (R, F , {{0} }) ∈(Mod R )filt . Moreover, an observation basic to their use in relation to torsion theories is that for any right R-module X, one gets a filter X F of submodu les of X. This suggests looki ng at the objects (X, XF , {{0} }) ∈(Mod R )filt . The authors leave to the interested read er the question of th e relation between this construction, and the stand ar d construction of localizing the category Mod R with respect to the given filter.

In model theory there is the concept of an Abelian Struc ture , meaning an abelian group A given with a set of subgro ups of An for each integer n , called ‘‘definab le’’ subg roups, satisfying appropriate closure conditions [14]. In certain cases, th e definable subgroups of the origin al abelian group A1 = A form a filter (a lthough the Abeli an Structure contains much mor e information than just the definable subgrou ps of A1). Again, the au thors have not investigated pos sible re lations be tween the theory of Abelian Structures an d the ideas of this not e, which the interested reader is wel com e to pursue.

Remark 36. A puzzle. We mentioned in §1 that for X a vector space, and F or G a linea r filter or cofilter on X, the ring E (F ) = End(( X, F , {{0} })), re spectively E (G ) = End(( X, {X }, G )) cou ld be interpreted as the endomorphism rin g of a certain left or right End( X )-module. For a general ring R, we wou ld not expect there to be such ea sy charact er izations of endomorphis m rings of objects of (Mod R )filt or (Mod R )cofilt . But in the case of vect or spaces ov er a field or division ring, since there exist such interpreta tions for endomorphis m rings of objects of (Mod k)filt and (Mod k)cofilt , we hoped to find such an interpretation for endomorphism rings of objec ts of (Mod R )filt+cofilt as well. We were not able to, and ar e still curiou s as to whether one exists.

Remark 37. More on maximal filter-cofilter pairs on a vector space . Sup pose U is a linea r ultrafilter on a vector space X over a division ring k, i.e ., a maximal member of the set of linear filters disjoint from the trivial cofilter {{0} }. We observed earlier that {{0} } will not in general be maximal among linear cofilters disjoint from U. How big will a maximal co filter G disjoint from U be?

If U is a princ ipal linear ultrafilter, gen erated by a 1-dimensional su bspace xk, then it is straightforward to see that G must be the principal linear co-ult rafilter generated by a linear complement to this space. If U is nonprincipal , can we still find cases wher e G is a linear co-ult rafilter? In other word s, can a nonprincipal linear ul trafilter and a non pri ncipal linear co-ultrafilter be disjoint? Assuming the existence of a q -point (§§2-3 above), the answer is yes: If U is a q -point , and U any linear ultrafilter containing the linear filter U k, then it is easy to show that U and the linear co-ultrafilter U ck are disjoint.

Can one get examples withou t such set-theoret ic assumptions? In the opp osite dir ection, can a linear cofilter maximal for the property of being disjoint from a given nonpr incipal linear ultrafilter fail to be a linear co-ultr afilter? Can it be very small, e.g., consist only of the subsp aces of fin ite codimension? Are there maximal disjoint pairs of a linear filter F and linear cofilter G where neither of these is a linear (co)ultrafilter? The authors have not investigated these questions.

An unused lemma. The first author originally expected the categor ies (Mod R )filt+cofilt , (Mod R )filt , and (Mod R )cofilt to be abelian categories, and that Theo re m 31 (i)-(iii) would be instances of the general fact that the endomorphism rin g of a simple object of an abelian category is a division ring. How ever, though these categories are Ab -categ ori es (i. e., have abelian group structures on their homsets such that composition of morphisms is bilinear), the y turn out not to be abelian categories, even when R is a field.

The ne xt hope was that the objects treated in that Theorem would satisf y some conditions in their home categories wh ich in an abelian category were equivalent to simplicity, and that their home categories would have enough of the properties of abelian categor ies to imply that the endomor phism rings of objects with these properties were division rings. The foll owing conditions on a nonzero object M of an Ab -category seemed good candidates for such ‘‘simplicity’’ condition s.

(S 1) Ev ery nonzero morphism with codomain M is an epimorphism. (S 2 ) Ev ery monomo rphism from a non zero object to M is an isomorphis m. (S 3 ) Ev ery nonzero morphism with domain M is a mono mo rphism. (S 4 ) Ev ery epimorphism from M to a nonzero ob ject is an isomorphism.

It is an easy exercise to ver ify

Lemma 38. Let C be an Ab-category. The n

(i) If in C every morphism factors as mono ° epi, the n as conditions on an object of C, (S 2 )⇒(S 1) and (S 4 )⇒(S 3 ).

(ii) If in C every morphism that is both epic and monic is invertible, then as conditions on an object of C, (S 1)⇒(S 2 ) and (S 3 )⇒(S 4 ).

(iii) If in C eve ry morphism has a kern el, then as conditions on an object of C, (S 1)⇒(S 3 ) and (S 2 )⇒(S 3 ).

(iv ) If in C every morphism has a cokernel, then as conditio ns on an object of C, (S 3 )⇒(S 1) and (S 4 )⇒(S 1).

(v) Every nonzero morphism in C from an object satisfying (S 3 ) to an object satisfying (S 2 ) is an isomo rphism. In particular, the endomorphism ring of a nonzero object satisf ying both (S 3 ) and (S 2 ) is a division ring.

(vi ) Every nonzero mor phism in C from an object satisfying (S 4 ) to an object satisfyi ng (S 1) is an isomo rphism. In particular, the endomor phism ring of a nonzero object satisf ying both (S 4 ) and (S 1) is a division ring. 1

However, it turned out that general morph isms in the categor ies (Mod R )filt+cofilt do not have kern els or cokernels, an d can be epic and monic without being inverti ble, so that (ii), (iii) and (iv ) are irrelevant to our situation. One can show that morphisms do have factorizations as mono °epi, so by (i) we have the implications (S 2 )⇒(S 1) an d (S 4 )⇒(S 3 ); but objects (X, F , G ) in which F is maximal among filters disjoint from G and G is maximal among cofilters disjoint from F in gene ral satisfy only the condition s (S 1) and (S 3 ), which do not alone imply tha t the endomorphism ring of an object is a division rin g. T hus, Theorem 31 had to be proved with out recourse to the above appr oach.

Some results which the first author obtained while attempting this approach are re corded in [4]; in particul ar, cha racterizations of epimorp hisms and mono - morphisms in the categories (Mod R )filt+cofilt , (Mod R )filt and (Mod R )cofilt , and ar guments and examples establishing the positive and negat ive assertions of the preceding paragraph.

REFERENCES

1. Tome k Bartoszyn ´ski and Haim Judah , Set Theory, On the structure of the real line, A K Peters, Ltd., Wellesley, MA, 1995. MR 93k :030 02. 2. George M. Bergman, Boolea n rings of project ion map s, J. London Math. Soc. (2) 4 (1972) 593-598 . MR 47 #93. 3. George M. Bergman, On k-subspace s of L-vector-spaces, to appear, Comm. Alg.. 4. George M. Bergman, Epimorphisms and mono morphisms in (Mod R )filt+cofilt (addendum to ‘‘Linear ultrafilters’’ by Georg e Bergman and Ehu d Hrushovski ), unpublished note, available from the author, 6 pp.. 5. David Booth, Ultrafilters on a countable set, Annals of Math. Logic 2 (1970/1971) 1-24. MR 43 # 3104.

6. P. M. Cohn, Universal Algebra , 2nd ed., Reidel, 1981. MR 82j :08001. 7. P. M. Cohn, Free Rings and their Relations, 2nd ed., London Math. Soc. Monographs, vol. 19, Academic Press, 1985. (1st ed. MR 51 #8 155. ) MR 87e :16006. 8. P. M. Cohn, Skew fields. Theory of gen eral division rings, Encyclope dia of Mathematics and its Appl ications, vo l. 57, Cambridge Un iversity Press, 1995. MR 97d : 1200 3. 9. W. W. Comfort an d S. Negrep ontis, The Theory of Ultrafilters, Spring er-Verlag, Grun dlehren der math. Wissenschaften, Band 211, 1974. MR 53 #135 . 10. Jonathan S. Golan, Torsion Theor ies, Pitman Monographs and Surveys in Pu re and Appl ied Mathematics, v.29, 1986 . MR 88c :160 34. 11. Alfred W. Hales, Linear ana logues of ultrafilters, Bull. Amer. Math. Soc. 82 (1976) 311-313. MR 53 #4005. 12. Alfred W. Hales, Ultrafilters and abelian groups , Bull. Amer. Math. So c. 82 (1976) 554-556. MR 55 #10579 . 13. Miroslav Kateˇtov, A theorem on mapp ings, Comment. Math. U. Carolinae 8 (1967) 431-433. MR 37 # 4802. 14. T. G. Kucera and M. Prest, Four co ncepts from ‘‘geomet rical’’ stability theory in modules, J. Symb olic Logic 57 (1992) 724-7 40. MR 93h :03045. 15. Andrew W. Miller, There are no Q-points in Laver’s model for the Borel Conjec ture , Proc. Amer. Math. Soc. 78 (198 0), 103-106. MR 80 h :03071. 16. Adalberto Orsatti and Nicola Rodino`, On the end omorphism ring of an infinite dimens ional vector space, in Abelian Groups and Modules (Padova, 199 4 ), A. Facchini and C. Menini, eds., Kluwer, (1995 ) pp.395-4 17. MR 97a : 16060. 17. Dona ld S. Passman, A Course in Ring Theory, Wadsworth & Brooks/Cole Mathematics Series, 1991. MR 91m :16001. 18. Nicola Rodino`, Simple mo dules over End (VD ) with prescribed annihilator, Comm. Algebra 23 (199 5) 2291-2322. MR 96c : 16038 . 19. Nicola Rodino`, Cyclic modules over End(V D ) whose endomorp hism ring is an ultrapower of D, preprint, 7 pp..