
 

Finite Symmetric Groups Group under
composition of

L functions

Symn I 1,2 n o 1,2 n 1,2 n to a bijection

hymn n

m Find an effective way to
describe te Symu

cycle notationExample n G cycles
ri l t I

z 2 L d a
3 3 s 123 us 16

b
4 24
Sts
G 6

e Any a c Symon can be written as product of disjoint

cycles ab 7 Moreover
any

such decomposition is unique opt
T

c reordering
the cycles and starting elementsa b 7

6 123 45 6 23 1 6 S4

cycle notations makes composition easier
to understand For example

Read this way
123 4S G got 123 Lig 6 4351 2b

T 435 l 2b 152634

Observation Given c Symu and decomposition into disjoint cycles

the sum of the cycle lengths equals u

Tetinition Let e c Symu The cycle structure of o is the

partition of n given by the disjout cycle lengths coming from o

T
Anyway to breakdown
u as a sum of natural

numbers



E Cycle structure of 123 145116 is 1 2,33

G we generally omit cycles of length 1 From the notation

e.g 123 4S G 123 4S

The following important
facts are proven in the notes

The Symon such that 0 5

Proposition f t e Symu are conjugate I have same
pS conjugacy classes 9 de type

are indexed bypartitionsat n

mp a.az am E Symu ord a am
iz µ fr ki n

It e Symn has cycle structure k ter then

ord o LCM te ter

Lowest common multiple

Example 123 4S G conjugate to t 3S4 za G
l 7
2 Z t a 0It 2 3µs then I't e e e

4
S S
G G

Ord 123 4S G CM l Z 33 6 Just flips two
elements

Detiation A transposition is a cycle of length 2

theorem Any c Symu is the composition of transpositions Moreover

I tr L Xs Ti Lj transpositions r S mod 2

Proof 12 1 transpositions

a a z a a e a an a as a are

Every a c Symon can be Witten as a product of transport



We say a c Symn is if it has an evennumberot

www.gthcydes in its cycle decomposition

We say b c Symn is odd if it has an

odducumberoterencengthaiin its cycle decomposition

For example 123 4S G is odd as it has 1 even length

cycle Conversely 12311456 is even as it has 0 even length

cycles

Claim It c is a transposition a a then

even To odd

odd to even IF a a 9 are in same cycle
inol

a a a.az a ar a ai a i i a air ar
If ai ai in different cycles in T

a a a.az ai aiai au a.az ar

In all possible cans composing by c either adds

or removes exactly one even cycle
12 3 4S G

For example i3 123 4S G

13 iz 34 s G 1234 s G

ee syma is even
WIFIp.itefY.sumabzA

Composition of odd number of
transposition is odd

T tr d Xs Ti j transpositions r S mod Z

II



Observations

ee Symu even

I t even Et even

even E even

De7 m The Alternating subgroup of Symu is the subgroup

Attn oesymufo er.eu

Troposition Symu Attn z and Attu isgeneratedby all cycles
of length 3

Proof Let T E Symn be a transposition

c Alta EE Symn I 5 odd

Symu Alta c Attn Sym Attu z

E Attn 0 t ite tr ti transpositions r even

Observe

ij ke Kil i jk and ij ite ikj
0 can be expressed as a composition A cycles at length 3

All cycles at length 3 are even hence Attu is generated

by them
II


