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12 commutative ring
DeIi An ideal ICR is proper it IFR

Note that IC R proper RCI non trivial
ring

Definition An ideal ICR is princip Fa c I

such that I E r a l r E R In this

case we write I a

Reinach Given any a C R a C R is always an ideal

Example Y m Z C Z is a principal ideal

with m2 m

Y Non example I f x g E Gex 717 0,01 0

1 x
y

C I thx.y has 0 constant

e g
X y ikey acyl 2 3 c Item

No non euro constant polynomials are in I
Both x y

C I however the only polynomials

dividing both are constant Hence I is not
a

principal
DeT m Let ICR be an ideal We say I
is if

YI is proper

2 ab c I a c I or b I V a.be R



Example m Z C Z is a prime ideal in primemen

Pr ou ICR prime HI an integral domain

Proof C
Y IC R prime I proper KII non trivial

3 R commutative RCI commutative

Let a I b c I C RII and assume

at b I Oe I Or
ab I Op I
ab c I a e I u BEI

I prime
a c I a I OR I Or
b c I b I Oe t I Or

R an integraldomain

I

Y RII integral domain KII non trivial I proper
Let a be R s t ab c I
ab I Opt I OR

I Cb I OR
a I O I n b I O I

R integral
Ijmain a c I n b C I

IC R is prime
II



Definition Let I C R be an ideal We

say I is uranium it

I proper

2 If JC R is an s t ICT then
J I ou J R There are no strictly

intermediate idealsbetween
I and 12

Proposition Let I C R be an ideal Then

I maximal RII a Field

Proof
y I maximal I proper RTI non trivial

R commutative DI commutative

3 Let a I C RIII Or I

We must screw a I has a multiplicative
inverse
at I t Oe I a 4 I

Let a I rat b I RER BEI

Min a I C R is an ideal

Oe E I Oe a Or OR C a t I

z b c I h c I Hence rat be a I

C I a C b E a I
3 r a b t rza bz rith a Cb bz

b bz E I b be C I

v a b rza be C I

ly II BEI and SE R Sb c I
SC ra b su a sb C a I I



Let J a I I CJ and AE T
a I I J T R

I E J
I maximal

3 re R and b e I s.t rat b In
Cra t I Ik I lie
rt I att Cat I LrtI It
att has a multiplicative inverse

RII a treed
Assume RIT a Field

Y R a treed R non trivial I proper
2 Assume I is maximal Then there

is an ideal J CR S t I 4 JE R

Je I F a c J sit a I a I Or

JER Ir J

RCT a field I rtI E R s t

att I rtt att let I
rat I le t I

F b e I s t rat b le
be I BET ratb EJ I zEJe J rat J

J R

Contradiction Therefore ICE is maximal
I



Corollary Let I C R be an ideal Then

I maximal I prime

Proet I maximal 12
a tied RE WISLEY

I prime
I


