
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Orbit Stabilizer Theorem

Let µ G x s S be an action of agroup CG on a set 5

g x gcn y ecsc x

4 4 g x 7cg x
V xc S.f.ge G

Definition The orbit of aces under the action µ is the subset

Orb a ga Ige a3 C S

Troposition forbid s
is a partition of S

Zoot

e x x see Orb x U Orb x S
XE S

Let x y e S and Orb x n Orb y
F h h E G such that h x hzcy

x hi hey h he y

andyhi h Cx hi h y
et g

E G then

g ca g hi hz y g hit h y E orbly orblx Corbly
gly g hi 4 x g hi h x e OrbCa orb

g Cork

Orb x Orbly II

De7 n An action is transitive tt Orb x 5 For any x c S

Remark An action is transitive Given YES Ige G such
that g x

Example Left Regular Representation is always transitive
y x 1 x y t x ye G



conjugation is not transitive For example G Gluck

Not anOrb In A In A l A E GLuck In f Glu R matrices
actionby conjugation are

conjugacy class of LEG Orb h g h g Ige a 3 similar

Exercise to check
De m Let x E S The stabilizer subgroup of se is the

subgroup stab s g e G Ig Cx x CG

Orbit Stabilizer Theorem Let G act on 5 and a E G

The map 10 G
stabe

Orb d is a bijection

h Stable hex
In particular G stabcx c G stats x forb x

ProI
We must First show it is w

Let
g he G such chat gstabGel hstablx

g h e Stabat g h x x him gcx
Injective Let gstabGel hstablx e G

stable such tht

gstablx hstably g Cal hex g h x

g h c Stable g stabCx hstabtx

surjective 01cgStable gCx Tgf G
A

Corollary If G acts on a set 5 and talc then

faces 1Gt I stab l forb x

Trott Elstablx Orb
a bijection

g stable g ca



I fabc.es lovblxY forb I
IstabGey

Ifl I stab f forb x

II

we can clever group actions to prove interesting things
about groups

must be
Sylows Theorem prime

ILet G be a Finite group and p 11Gt where p is a prime
and ne 1N Then F H CG a subgroup such that IHI pm

PIF
Let 1Gt p m where m pru with HCF u p

Strategy Come up with a set 5 with an oration of

G such that I see 5 with Istals x p

S Collection at all unordered subsets of G of

size ph after fixing an orderin

Let x w wz Wpn We define an action of

G on 5 by

µ G x s s

g x T g't w g wz g wpu
11

glad



Voce S I stab x E P

Define the function 7 Stats x x

g g w

let g h c Stab x such that 7cg 7 h
c c I

g w h w
g h

7 injective I stab Cail e txt p

Tin Face 5 such that I stab x 3 pm

Observe that

1st Number at ways of choosing p
elements From a set A size p m p ptu

1st Pj P p m i

Pn pun pal p Cp 1 p Cph il

p m l p m 2 Fm Lp i
pru

Lp 1 ph 2 ph Cph i

tf j e N and j c p j divisible by p at most
n 1 time

Hence

Number of times p Number of times Number A times

driides p m j P divides j p driids ph j



phm j has no factors at p ai its prime
P j decomposition Kocj Cp

Isl is divisible by p exactly u times

Recall that Orb as es partition S Let

is 2k be representatives at each orbit Then

Orb Kill 1 orb xd t loublock I 1st

We deduce that there must be some age 5 such that

lorblx.tl is not divisible by p more than r times

Fm this Let forb x PSV se r and Heth
i

r s o

latlstablo.gl
o

P i

p Pr stv EN
i ps v

u v coprime to P and p pt Sj e N Iv C IN

I stable I 3 pm

But lstabc.cl E p f see S

I stab xi p
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