
 
Permutation Groups and Group Actions

Let s be a set

Definition
The permutation group of S is set 2 s I S s 17bijection

equipped with Function composition i.e Go g Gc 7 gey faces

Important Exercise Z s o is a group IdsProve
nth symmetricgroup

ImportantExampI Symon 1,2 u Is symu

0b n There is a map µ ICS x s S
Fix tix

Properties I Id s x x tf x e s
E tt g c ICS og x 7cg as moves around
tf x c S y bijectivelyc d

Intuition An element 7 E E s permutes acts on the sets

Definition Let G be a group An action of G on S

s a map µ G x s S in general
g x go

I not a function

Twi is just notation For Mlg s

such that y e x x tf x E s

y Hg he G Cg h x g hex
tf x e 5

Intuition Elements of G permute s in a way compatible
with the group structure

G can act on itself in several ways
Left Regular Representation

M G x g G Y e x exe a Fx c G

g x get a
2 Cg h x h x get Chita

g hex



I

conjugation y e x e x e x Fx EG

µ G x G G 7 h se g h a Cg h5

g a g x g g x h x ti g
g h xx h g
g hey

theorem Giving an action of G ou s is the same

as
giving a homomorphism G 2 s

Proof outline

µ G x s s I
I e x x toe

I fo Is c

µ i f i G Ecsn tr
l g µLg S s

Inverses to eachother In a glad
y homomorphism T

µ a x s s d y z bijection
six 10cg x 0 15 isinverse

I may
homomorphism

y and 21
II

Pmp u Let G CH o be groups and 6 G It

a homomorphism Then Im f C H is a subgroup

Proof

flea e e E Imc
Let x y c Im lo 3 x y E G such Chat fix x 10cg

Koy fcx.jo oCy x y soy c Im yoLet x c Icn 3 x'C G such that 0cal x
K car J Cod I C Im f a



Definition

We say an action G ICs is Faithful it injective

Observe that 10 G 2 s injective G Im fo
G isomorphic to subgroup
of ECS

Proposition The left regular representation is faithful

Proof

µ G x a E 10µs a ICE

g x 1 get se g fmcg G G
x g x

Let 7 g E G such that
µ 7 toµ g

get x h x tf x E CT
g e h e g h

II
Grouptheory is really about symmetry

Cayley's Theorem Any group G is isomorphic to a subgroup of

a permutation group If IG I u E IN G isomorphic to
a subgroup of Symu S these groups contain all Finite

groups

Proot Let µ be the left regular representation of G ou G

µ G ICE injective

G Im fan ECG

let u G Im Xn 2 G I Symu
I


