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Math 113 Final Exam Practice 1

This exam consists of 7 questions. Answer the questions in the
spaces provided.

1. (25 points) (a) Carefully define what it means for a set R to be a ring. State all the
axioms precisely.
Solution:
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(b) Define the units R* C R.

Solution:

p* = {ace | 3bep s.t. axb=baa = |3
R
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(c) Prove, using only the axioms, that R* = R implies that |R| = 1.
Solution:
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2. (25 points) Let R be a ring.

(a) Define what it means for a subset I C R to be an ideal.
Solution:

TCR is om idud o} .
y I 5 a Sohﬂo‘r A B uwndee aololtie-
z xeLT,ve L = e=,zv e I

(b) Prove that the binary operation

6:R/IxR/I — R/I
(x+Ly+I) — (zy)+1

is well-defined, i.e. independent of coset representative choices.
Solution:

Let %,,9&,_,3“7?_ e B s.t "(’-I-I—_-'x?__‘_I ouned Dn"'I=3L‘|‘I
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(c) If R/I is the quotient ring, is the following true:
rx+1¢€(R/I)* = x € R*. Besure to justify your answer. w\,\o(,‘w‘/l
Solution:
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)
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= CL+1)
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3. (25 points) Let R be an integral domain.

(a) Define the characteristic of R.
Solution:

CloCB)=0 ad Cle) = o=

CA.&«.([Z):.)D = M/A-‘_(l‘) = p

(b) Prove that if the characteristic of R is p, then there is an injective homomorphism
¢ : F, = R. Be sure to carefully justify your answer.
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O
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4. (25 points) Let R be a commutative ring.
(a) Define what it means for two elements a,b € R to be associated.

Solution:

a,be & a=e afsoukbel &= alb anol L)a

L(a'\ Noy —2Z "o

(b) Prove that if R is an integral domain then a and bkre associated if and only if there
exists u € R* such that a = ub.

Solution:

et uc 2" s.t. a=ub = b = la =2 el _ad b)a
A58 v a/La./i L/q = 3 c,aleﬁs.{. o.=Lc,|,=M
l= de =5 c 2 B

D a= ade D

(c) Using this, prove that 2v/2 4+ 1 and 5 + 31/2 are associated in Z[v/2).

S+ 34z | = o
= 5 . - - z
2 « | *3= 24, - (§+3ﬁ) C Qi) (e €2)
_ = .

—

[ + 2

('ﬁ-el)c-(;_—l} = | - +2 < Z(ﬁg*

=D Cs--t'}-(i = (=
) (_(Z“‘\)Q":\'\(';) = f‘f"&'(—z,z,-{if)
QZ C3) ) g R aSSo ufatken]
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5. (25 points) Prove that if R is a PID then a € Rfis irreducible <= (a) C R is maximal.

Solution:

Lok B be a PT.D.
=) o jnedeeibl, = a & BT D () QR (e G )
ek (YT cp /IM/’O(BQA, i
2 2« Pz.D. = T =Cbh) o sown be = =
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6. (25 points) Let R be an integral domain.
(a) Define what it means for an ideal I C R to be maximal.

Solution:

TCcr is asasiwal

Iy TH 75 prpae e T+
z TecTgcp , T enibed D L =J o T=p

(b) Is the ideal (x* — 1,2° — 23) C Q[X] maximal? Be sure to carefully justify your
answer. If you use any results from lecture be sure to state them clearly.

Solution:

J’ﬁ L Q Heh Q&) Tucrdsan. = RLxD a bPxTD = QY « UFD
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W &1 ua A

//
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7. (25 points) (a) Let E/F be a field extension and let o € F be algebraic over F'. Define
the minimal polynomial of o over F.

Solution:

Miu /oe?nahq‘c/’ oA o’ F o mondc nou — cougct
polmamich  flx) oA minimd deprer et Elat  Flee) = O_

(b) Prove the minimal polynomial is irreducible.

Solution:

by M) min priummcd = 0‘*(]‘4’"‘” ? /[ = Fx) 4 O,
o F0) 4‘ (¢ C"])e

/{’S.SIMM‘-L 4’(9‘] = jCyC) L\Cx) wuék oan CJ C')C))ro(.‘] Clac:t-))<o(5(4(a))
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= R jmechueible
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(c) Determine the degree of the extension Q(+v/2)/Q. You may use any results from
lectures as long as they are clearly stated.

Lt ) = x*_z . A1) =6 D
5 faed f'?""om"do" .}z_ é‘“”:‘(" 7}-—2— .

2T a i PR R . :7/ 6
et T2

)
g Q () = ared = 6
~ G
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Fne oot

Y SV S Ly (2 = 3

> [(ed): &) - 3.

END OF EXAM



